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Abstract

The purpose of this thesis is to outline equivalent representations of Gravity in the framework
of Metric-Affine geometries. To be specific, we focus on the so-called Trinity of Gravity:
General Relativity (GR), constructed upon the metric tensor and based on curvature R;
the Teleparallel Equivalent of General Relativity (TEGR), formulated in terms of torsion
T and relying on tetrads and spin connection; and the Symmetric Teleparallel Equivalent
of General Relativity (STEGR), built on non-metricity @ and constructed from the metric
tensor and an affine connection. Teleparallel formulations provide a gauge-based description
of gravity and recover the foundational principles of GR, including the Equivalence Principle
and general covariance. Although dynamically equivalent, namely their Lagrangians differ
only by a boundary term and lead to the same field equations and solutions, the three
theories offer distinct conceptual interpretations. We investigate the role of the Equivalence
Principle, showing that while it is fundamental in GR, it is recovered rather than postulated
in TEGR and STEGR, potentially leading to differences in empirical content. We analyze
the motion of test particles, highlighting that the equivalence within the Trinity depends on
the matter sector: point-like particles without hypermomentum follow identical trajectories,
whereas particles with internal structure may exhibit different free-fall behaviour.

Finally, we discuss the ambiguities arising from the coupling between matter and spacetime
geometry in Metric-Affine theories. Both bosonic and fermionic fields present issues; however,

we present several approaches to restore a consistent matter coupling in both TEGR and
STEGR.
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Introduction

Gravity is one of the four fundamental interactions of Nature.

In 1915, Einstein, inspired by studies in affine geometry and metric geometry, formulated the
theory of General Relativity (GR), which relates space, time and gravitation [1]. The theory
took time to be fully understood and accepted by the scientific community. In fact, it only
began to emerge as a prominent research topic around 1950, mainly due to developements
in sectors of physics strictly related with GR. One of these was the astronomical discovery
of highly energetic and compact objects, such as quasars and X-ray sources, which seemed
to attribute responsibility to the involment of gravitational collapses, singularities and black
holes [2]. Another motivation lay in the desire to develop a theory capable of unifying all
fundamental interactions. Therefore, a deep understanding of the classical formulation of
gravitation was essential. In the standard formulation of GR, the geometrisation of the
gravitational interaction is achieved through the curvature of spacetime, which has become
the usual interpretation of gravity.

The fundamental pillars of this theory are described by the following principles: the Prin-
ciple of Relativity, the General Covariance Principle, the Equivalence Principle (EP) and the
Principle of Causality. Taken together, they lead to a spacetime structure characterised by
two fields: the Lorentzian metric g, which determines the causal structure of spacetime, and
the linear connection I', which governs the free-fall of bodies.

It is important to remark that g and I' can be a priori independent; however, in GR the
connection is required to be the Levi-Civita one, built from the metric tensor. Combined
with the prescription of parallel transport, these structures encode their physical interpre-
tation in the EP, of which several formulations exist. First of all, the EP states that there
always exists a local inertial frame in which gravitational effects can be nullified. Its weak
version (WEP) states that the free-fall motion of an uncharged test body is independent of
its internal structure and composition, while its strong version (SEP) extends this statement
to massive gravitating bodies, treating them as freely falling objects just like test parti-
cles. However, even if we commonly relate gravitation interactions to the curvature of the
spacetime, it is not necessarily true that this is the best way to represent it. Moreover, the

Levi-Civita connection is only a particular choice among many possible connections.
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In addition to these technical aspects, although GR has become the widely accepted theory of
Gravity and been tested observationally to a very high precision, there still remain fundamen-
tal questions to investigate. At Ultraviolet scale, we know that GR is a non-renormalizable
theory, meaning that when trying to quantize it, the theory becomes unpredictable at high
energies, as it requires an infinite number of counterterms to fix the divergences. Moreover,
it is not a gauge theory.

At Infrared scale, there are the open problems of dark matter and dark energy.

Dark matter was originally introduced to explain the observed rotation curves of galax-
ies, while dark energy was proposed to account for the late-time accelerated expansion of
the Universe, as confirmed by observations of Type Ia supernovae |3, 4]. The existence of
these two components has been further supported by a wide range of observational evidence,
including Baryon Acoustic Oscillations (BAO) [5, 6] and measurements of the Cosmic Mi-
crowave Background (CMB) radiation [7]. Nevertheless, their fundamental nature remains

elusive, as neither dark matter nor dark energy has been directly detected.

In light of these considerations, and following Einstein’s original insight, it is pertinent to
explore other possible formulations of Gravity and the equivalent manners in which it can be
geometrised. This motivates the study of Metric-Affine Theories of Gravity (MAG). MAG
theories are defined by a triplet {M, g,,,1”,,}, where M is a four-dimensional spacetime
manifold, g,, is a symmetric rank-two tensor with 10 independent components, and I'?,,, is
an affine connection with 64 independent components. These theories treat the spacetime
metric and affine connection as independent variables, unlike GR, which assumes a torsion-
free and metric-compatible connection.

In a Metric-Affine framework, the geometry of spacetime may include not only curvature,
but also torsion and non-metricity. The knowledge of curvature allows us to measure the
rotation experimented by a vector when it is parallel transported along a closed curve, torsion
gives a measure of the non-closure of the parallelogram formed when two infinitesimal vectors
are parallel transported along each other, while non-metricity measures how much the length
of vectors changes as we parallel transport them.

Among MAG theories, we are particularly interested in three special cases that provide
dynamically equivalent descriptions of gravity. Specifically, in this work we will consider the
standard formulation of GR, based on curvature R and the metric tensor, the Teleparallel
Equivalent of General Relativity (TEGR), formulated in terms of torsion 7" and relying on
tetrads and a flat spin connection, and the Symmetric Teleparallel Equivalent of General

Relativity (STEGR), based on non-metricity ¢ and constructed from the metric together



Summary 3

with a flat and torsionless affine connection. Unlike GR, the teleparallel formulations arise
naturally as gauge theories of translations.

We will show how TEGR and STEGR are constructed and demonstrate that, together
with GR, they are dynamically equivalent: their Lagrangians differ only by a boundary
term and they lead to the same form of field equations and solutions. For these reasons, GR,
TEGR and STEGR form the so-called Geometric Trinity of Gravity. However, these theories
also present conceptual differences, such as their relationship with the EP (and especially
the SEP) [8]. In GR, the EP is assumed a priori as a foundational principle used to identify
the correct geometric framework. In TEGR and STEGR, instead, the EP is recovered a
posteriori (in its strong formulation), suggesting that it may not be a fundamental feature
but rather an emergent one, potentially implying differences in the empirical content of the
three theories.

Possible methods to detect violations of the EP, WEP and SEP are discussed from both
experimental and theoretical perspectives. In particular, by studying the equations of motion
of free-falling particles, whose behaviour is crucial when assessing any gravitational theory,
we will see that the geodesics do not coincide with autoparallel curves when torsion or non-
metricity are present, in contrast with the situation in GR. This indicates that if we consider
the equations of motion as an integral part of the description of the theory, then the concept
of the Trinity as equivalent description of the same phenomena could be compromised [9].
We will see that these difficulties are closely tied to the nature of the matter under consid-
eration: ambiguities can emerge when matter is coupled to spacetime geometry.

In the final sections, we will briefly discuss these subtleties, which become particularly deli-

cate when considering fermionic fields in the presence of torsion.






Chapter 1

Elements of Differential Geometry

In the first part of this chapter, we will provide a collection of concepts and tools of differential
geometry that will be useful in the following chapters. In the second part, we will start

analyzing some of these notions from a more physical perspective.

Part 1

1.1 Differentiable manifolds and bundles

Definition 1.1.1 (Topological manifold). A n-dimensional topological manifold M is a

topological space that satisfies the following requirements:

- Hausdorft, i.e. distinct points have disjoint neighbourhoods;
- second-countable, i.e. M has a countable base;

- locally homeomorphic to the Euclidean space R", i.e. for each point p € M, there is
an open neighbourhood U and a homeomorphism ¢ between U and some open set of
RY.
A pair (U, p) is called chart, where U C M is the chart domain and ¢ : U — V is a
homeomorphism with V' C R™.
An atlas of class C* on a manifold M is a set {(U,,¢q)} of charts such that the domains
U, cover M and the {p,} satisfy the compatibily condition

gnggogl t 0a(Ua NUg) — ¢3(Uy N Up) e C*

Definition 1.1.2 (Smooth manifold). A n-dimensional smooth manifold is a pair (M, D)
where M is a n-dimensional topological manifold and ® is a C'*°-differentiable structure on
it.
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Definition 1.1.3 (Fiber bundle). A fiber bundle! is a set (E, M, r, F) where E, M and
F are topological manifolds and
B — M

is a continuous surjective map which satisfies the following condition: for each p € M there
exists an open neighbourhood U of it and a homeomorphism ¢ : 771 (U) — U x F, called

local trivialization, such that
T = PIroji © ¢,

where proj; : U x FF' — U is the projection onto the first factor, so that the following

diagram commutes:

E is the total space, M is the base manifold, F' is the (abstract) fiber and 7 the projection
map of the fiber bundle. For each point p € M, the set 771(p) is homeomorphic to F and is
called the fiber over p.

The preimage by 7 of any open set U C M is homeomorphic to a product space U X F,
hence FE is locally the base manifold M with a “copy” of F' attached to each point, but not
globally.

A trivial fiber bundle is one that admits a local trivialization over the entire base space (a

global trivialization).

Definition 1.1.4 (Sections on fiber bundles). Let (E, M, 7, F') be a fiber bundle. A
local section around the point p € M (with U neighbourhood of p) is a continuous map
0 :U — FE such that 7 o ¢ is the identity map.

A (global) section of a fiber bundle is a continuous map o : M — FE such that 7 o o is the
identity map.

Intuitively, a section associates to each point of its domain (within the base manifold) an

element of the fiber over it, but in a continuous way.
Example 1.1.1. Sections of T'M are vector fields on M.

A very special case of manifolds are Lie groups, i.e. groups which carry a manifold
structure. With them we can introduce the following concept, very important in gauge

theories:

I'We will make use of the short notation 7 : E — M to denote the fiber bundle.



1.2. Tangent and cotangent spaces 7

Definition 1.1.5 (Principal fiber bundle). Let G be a Lie group and M a smooth man-
ifold. A principal fiber bundle on M with structure group G is given by a manifold P with

smooth surjective projection 7 and a right action o
m:P— M, c:PxG— P,

such that

- G acts freely on P, ie. Vp € P, G, = {e}, which means that the identity element is

the only element that remains invariant after the action of G on M?;

- G preserves the fibers P, = 77 1(x) of 7, i.e. w(pg) = 7(p) Vp € P and g € G, and G

is transitive on each fiber of m;

-m: P — M is locally trivial, i.e. Vo € M exists a neighbourhood U of x and a

diffeomorphism
U:Py=7'U) —UxXG,

which preserves the fibers: U(p) = (7(p), ¥ (p)), with ¢ : P — G.

1.2 Tangent and cotangent spaces

Let (M,®) be a n-dimensional smooth manifold, p € M and (U, = (z#)) € © a chart

around p.

Definition 1.2.1 (Differentiable function on a manifold). A map f : M — Ris a
Ck-differentiable function over M if f o o' is C*-differentiable.
Ck(M) is the set of all C*-differentiable functions over the manifold.

Let us now focus on C*°(M). For a given chart, consider the set of differentiable operators

O ey — o)
oxH
of
f @7

so we can define:

2Gp is the stabilizer of G.
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Definition 1.2.2 (Tangent space). The tangent space at p € M, namely T,M, is the

,uzl,...,N}.
p

An arbitrary vector in the tangent space v =v"9,|, (v € R) acts on functions f €

C>(M) as v(f) = v*Ouf(p)-

vector space (isomorphic to RY) generated by

0
T,M = span { —
x

Thus, every tangent vector at a point p can be expressed as a linear combination of the

coordinate derivatives %. The directional derivatives along the coordinate lines at p form

a basis of an n-dimensional vector space whose elements are the tangent vector at p. This

space is called tangent space T,,M and the basis 8% is called coordinate basis or holonomic
frame?.

By considering the disjoint union of all tangent spaces,

T™ = | | T,M,

peEM

we get the tangent bundle, whose fibers are the tangent spaces T,M = 7~ '(p). The under-
lying bundles structure is (7'M, M, proj;, RY), with total space T'M.

With the notion of tangent space, we can build the set of I-forms on p by duality. The
dual basis of {J,[,} will be denoted as {dz*|,}, thus the duality relation is dz*(9,) = dL.

From this follows:

Definition 1.2.3 (Cotangent space). The cotangent space at p € M, namely Ty M, is the

dual vector space of the tangent space T,M, i.e.
oM = (T,M)" = Span{d$“|p, w=1,... ,N} )

The elements of T are called covariant vector, and have contravariant indeces.

As before, we can build the cotangent bundle as

T*M = |_| T M,

peEM

3We will delve into this concept in Sec.(1.9).
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with bundle structure (T*M, M, proj;, RY).
Definition 1.2.4 (Smooth bundle). A bundle (E, M, r, F') is called smooth if E, M and

F' are smooth manifold and the projection 7 is a C*°-differentiable map.

Definition 1.2.5 (Smooth section). Let (E, M, 7, F') be a smooth bundle. A section
o: M — FE (or local) is a smooth section if is a C*°-differentiable map. The set of all

smooth sections is I'(E).

1.3 Tensor bundles and differential forms

Once built vectors and 1-forms, we can construct more complicated objects by taking the

tensor product ® of the tangent space and the cotangent space several times:

Definition 1.3.1 ((r, s)-tensor space). The (7, s)-tensor space on Tp(T’S)M at p € M is the

vector space given by

r times s times

Tp(r,s)M::TpM@) ®TPM®T;M® ®T;M-

In terms of a particular chart x*,

Tp(r,s)M — span{ aﬂl’p®'”® ) Tlp@dxl’1|p®...®dl‘l/sp7

ul,...,ur,yl,...,usz1,...,n}.

We say that the tensor space T,gr’s)M has r-contravariant and s-covariant tensors on p.
Once we have a coordinate basis we can drop the tensor space and work directly with the

components of the tensor:

r times s times

— HMrEr e R

t = tHkr 8m|p ® ® dz*|, o s

V1-Vs

® Oy |, ® dz*'], ®

Definition 1.3.2 (Alternation map). The alternation map is defined as

k k
At = QT M — R T M.
If we apply the alternation map to a tensor T', we obtain:

1
Alt(T)(‘/h T Vk) = E Z Sgn(0->T<V0’(l)7 sy Vo‘(k))7

’ og€ESy,
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where Vi, ..., Vi € I'(M) and o belongs to the permutation group with &k elements.

Definition 1.3.3 (k-forms space / k-forms on a manifold). The space of k-forms, or
differential forms of rank k at p € M, namely A’; (T*M), is the subspace of T,SO”“)M of totally
antisymmetric tensors.

If we write the bundle of k-forms as

AT M) = | | AM(T; M)

k times

= U {gp :T,M x -+ xT,M — R, ¢ alternating multilinear map} ,

peEM
then we can define the k-forms QF(M) as the space of smooth sections of A*(T*M), i.e.
QF(M) = D(M, A(T* 1)),
with
Q"(M)={c: M — A (T*M) st.poo =1d}
with p : A¥(T*M) — M.
It is a vector space and it is infinite-dimensional®. In particular, for k = 0. we have
A(T*M) = M x R and the space

QM) ={f: M — Rs.t. fissmooth}

is the set of smooth real functions on M, also denoted with C'*(M).

Definition 1.3.4 (Pullback of a 1-form). Let F : M — N be a smooth map between
smooth manifolds, and w a covector field on N. Then, the pullback of w by F is the covector
field F*w on M defined by:

(Fw)p = dF; (wr (p))-
It acts on a vector v € T, M by

(F"w)p(v) = wr (p)(dEp(v)).
“unless M is a finite set or k > dim(M)
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Definition 1.3.5 (Wedge product). Let 7', S be two covariant fields with & and [ covariant

indeces respectively. The wedge product of their product is

1
(T A\ S)(‘/I, Ce 7Vk+l> = W Z SgH(O'>T<VU(1), ey Vg(k))S(VU(;H_D ..... Va(k+1))‘

In a certain coordinate frame {dz*}, it could be written as

(k +1)!

Ty uiS,

He+1---HE+41

da"' @ - - ® daghert,

Or equivalently, using differential forms: let ¢ € QF and y € €, then

k)
PNX = ( J“) Alt(¢ @ x).

Properties:

- Multilinearity. Let ¢ € Q¥(M) and x,v € QY (M), then

- ONXFY)=OAXF ONY;

- @+ X)NY =AY+ XAY;

- (@FEX)NY =AY+ X NAY;

- f@AX)=FoAX+ONfX

Ve O, fol, = f()di.i, (2)0" ® -+ ® 0%, where {0} is a generic basis of the

cotangent bundle.

- Non-commutative. ¢ A x = (—=1)*x A ¢.

- Associative. (QAX)ANY =N (XAY)=PAXANY

1.4 Diffeomorphisms and field trasformation rules

Let M, and M, be two smooth manifold® of dimensions N; and Ny, and two arbitrary open

subset of them, respcetively, V; and V;.

Definition 1.4.1 (Differentiable map). Consider a map f : V; — V5. We say that f is
a C*-differentiable map if for each p € V; there is some coordinate chart (U, ) around it
and a chart (f(U),v) around the image point f(p), such that ¢ o fo ™t : RV — R ig
Ck.

Swe omit the differentiable structure of them.
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Definition 1.4.2 (Diffeomorphism). A homeomorphism ¢ : M; — Ms is a diffeomor-
phism if ¢ and ¢! are C°.

We will be interested in the diffeomorphism M — M, which constitute Diff (M).
The pair (Diff (M), o) has the structure of an infinite-dimensional Lie group. The Lie algebra
of Diff (M), namely Lie(Diff(M)), consists of all vector fields on M equipped with the Lie
bracket of vector fields. This could be seen by making a small change to the coordinate x

at each point in space: x# +— z# + eh*(x), so that the infinitesimal generators are the vector

fields
0

L, = h*(x)—.
h ( )813”
Thus, its algebra is generated by invinitesimal coordinate transformations. Hence, an arbi-

trary diffeomorphism can be identified with a general coordinate trasformation.

According to how a field transforms under general coordinate transformations, we can
define:

- Scalar fields. These are the elements of C*°(M), i.e. objects that associate a real
number to each point of the manifold. They do not change under general coordinate

transformations.

- Vector fields. They are the sections of the tangent bundle. At each point, the vector
field V' picks up an element of the tangent space V' (p) = V*(p) 9,|,, where V¥(p) € C*,
ie.

ViM — TM
b VA0,

If we apply a general coordinate transformation xz# — 3", the vectors transform as

v . . w
V" = 221 gince the basis transforms as 9, = 2229,.
OxzH ) oyv M

We denote the set of smooth vector fields as I'(T'M).
- 1-form/covector fields. They are sections of the cotangent bundle. As for the vector

fields, they have a local expression w(p) = w,(p)da”|,, where o, (p) € C*(M), ie.

w:TM — R
Vip) +— wu(p)da®],.

. . m
Under a general coordinate transformation z# — y”, 1-forms transform as w!, = g”?w#,

since the basis transforms as dy” = g%dx“.
We denote the set of smooth 1-form fields as Q'(M).
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- (r,s)-tensor fields. They are sections of the corresponding tensor bundle. Locally they

can be expressed as
t= tulmﬂTm...I/sa#l Q- ® aﬂr ®dz" ® - @ da”

and they transforms as

Oyt Oyt Oa™ Oa™
C Oxm Qarr OyPr Oybs

tloq...ozr t,u,l...p,r

61~~~Bs

Vi...Us*

We could go on describing other kinds of fields, but they are not useful to this discussion.

Definition 1.4.3 (Lie bracket). The Lie bracket is defined as

[, : T(TM) x T(TM) — T(TM).

Let V,W € I'(T M) be two vector fields. Their Lie brakcet is thus another field:
VW] =VIW -WV.
In components:
[V, W] =V, Wt —W"9,V*H.

Definition 1.4.4 (Curve, velocity, trajectory). Let M be a smooth manifold, &/ C M an
open set and I an interval of the real line. A smooth curve on U is a differentiable function
v : I — U. The tangent vector ¥ = ut0, is called velocity of the curve, while the trajectory

is the image of 7.

1.5 (Pseudo)-Riemannian manifolds

Before introducing a fundamental tool that will allow us to describe gravity in a different
framework (see next section), we should retrace our steps and recall what we know so far.
We start with:

Definition 1.5.1 ((Pseudo)-Riemannian manifold). A (pseudo)-Riemannian manifold
is a smooth manifold M of dimension n equipped with a 2-covariant tensor field g which de-

fines a non-degenerate quadratic form g,(-,-) = T, M x T,M — R, with constant signature
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(r,s).

Properties:

- g is symmetric, i.e. g;; = gjs;

- Vp € M, the bilinear form g, is non-degenerate®, that is, g,(v,w) = 0 Vv € T,M, then
w = 0.

The most interesting cases are:

- (M, g) is called Riemannian manifold if the segnature of g is (n,0). The canonical
form of the metric is (+1,+1,--- ,+1);

- (M, g) is called pseudo-Riemannian manifold if the segnature of g is (r, s) with r-s # 0.

The canonical form of the metric is (=1, -+, —1,+1,--- ,+1);

(.

Vv Vv
7 times s times

- (M, g) is called Lorentzian manifold if the signature of g is (1,n — 1). The canonical
form of the metric is (—1,+1,---,+1).

Consider a smooth local coordinates on M given by N real-valued functions (x!,--- ") :

J

In the case in which we are considering this basis, the metric tensor acts like: g(%, %) :

U — R"”, then the vectors

L9
p? 781‘”

form a basis of T,M, for any p € U.

U — R, where U is the domain of the coordinate chart.
In terms of tensor algebra, the metric tensor could be written in terms of the dual basis

dzt, .- ,dz" of the cotangent bundle as
g = G dz" @ da”.

Due to the non-degeneracy of g, each metric (scalar product in the tangent space) has an
inverse (scalar product in the cotangent bundle), i.e. a 2-contravariant symmetric and non-

degenerate tensor field

g =9"0,®0,

6Thus, it is diagonalizable and has only non-zero eigenvalues.
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such that
gupgpu = 55

Furthermore, the metric defines an isomorphism, the canonical/musical isomorphism, be-
tween T),M and Ty M, at each point p € M. This isomorphism could be generated only if
M is equipped with a metric. They are:

b T,M — TyM

V=V,

!

V' = VVgudat| = V|,

g oM — T,M

w = wﬂdx“|p — Wf = wl,g‘“’@u‘p = w“8H|p.

1.6 Connections on vector bundles

Definition 1.6.1 (Vector valued differential forms). Let 7 : E — M be a real vector
bundle.

A differential k-form on M with values in E is a collection of alternating k-forms
wy : Ty,M x - xT,M — E,,
for each p € M, such that the map

oM — FE
p = wp(X1<p)7"'7Xk(p))

is a smooth section of E for every k vector fields X,..., X € T'(TM).
The space of the k-forms on M with values in F is denoted by QF(M, E) = QF(E).
This type of k-form could also be defined as a section of the vector bundle A¥(T*M)® E —
M, thus
QF(M,E) =T(M,A"(T*M) ® E) = Q°(M,\*(T*M) ® E).

Remark 1.6.1. Equivalently, we can define this space as

O (M, E) =T(E) ®cear) X (M),
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hence the elements of Q*(M, E) are linear combinations of v ® w, where s € T'(E) and
w € QF(M).

A connection on a fiber bundle is a consistent way to move from one fiber in the tangent

bundle to another.

Definition 1.6.2 (Connection on vector bundles). Let 7 : E — M be a fiber bundle.

Then a connection on E is a linear map
V:IE) —-T(T"M ® E)
such that Vf € C*°(M) and o € I'(E), the Leibinz rule holds:
V(fo)=df ® o+ fVo.

The connection V induces a covariant derivative along vector fields on sections on FE.

Definition 1.6.3 (Covariant derivative). Let V be a connection on the vector bundle £
over M. Let X € I'(T'M). Then the map

Vx :T(E) — T(F)
o — Vo(X)

is called covariant derivative of o along X (with respect to V).

Properties:
- feC>®(M),0 € T'(E), then
Vx(fo)=df(X)o+ fVxo = X(f)o + fVxo.
- Vxo is C®°(M)-linear in X, i.e. Vf, g € C°(M),VXy, Xy € ['(TM), then
Vixi+9x,5 = fVx,0+gVx,o0.
- Vpe M,(Vxs)(p) € E, depends only on X, € T,M, i.e.

if X7,X, € T(TM) and X;(p) = Xa2(p) = (Vx,0)(p) = (Vx,0)(p).
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Theorem 1.6.1. Each fiber bundle 7 : F — M, with M compact, admits a connection.
Once defined the covariant derivative, we can specialize it to some cases of interest.

Definition 1.6.4 (Flat connection). In the case of the trivial bundle £ = M x R¥, the
sections s € I'(E) are smooth maps s = (s1,...,s;) with s; € C>°(M). The flat connection

acts on s taking the exterior derivative component by component:
Vs = (dsy,...,ds) = ds.

The result is a 1-form with value in R¥, i.e. an element of I'(T*M ® RF).

Definition 1.6.5 (Levi-Civita connection). Let ()M, g) a Riemannian manifold, with ¢
metric on T'M.

The Levi-Civita connection V€ is
VI T(TM) — QYT M),

and satisfies the following properties:

- metric compatibility. VX,Y, 7 € T(TM),

- torsion free. VX,Y,Z € I'(TM)

VxY — Vy X = [X, Y], (1.6.2)

After introducing the Levi-Civita connection, it is useful to describe its local expression

in coordinates. For this purpose, we introduce the Christoffel symbols.

Definition 1.6.6 (Christoffel symbols). Let (U, {z'}) be a local coordinate chart on M,

and let { 638ci }?:1 be the associated local frame of vector fields. The connection V acts on

vector fields as follows:

0 R

where the coefficients Ffj are called the Christoffel symbols.
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In the case of the Levi-Civita connection, these symbols can be expressed in terms of the

metric g as:

1 g1 0gir 0gi;
Ik = Z g™ S - 2 1.6.4
i1 = 99 (83:1 * dzi Ot (16.4)

Theorem 1.6.2 (Levi-Civita). In a Riemmannian manifold, the Levi-Civita connection
always exists and it is unique. Moreover, it is the only one which is torsion free and metric

preserver.

Remark 1.6.2. If V is a connection on the fiber bundle 7 : £ — M and there exists an

open U C M, then V induces a connection over | -

1.6.1 Spin structure on vector bundles

If we want to introduce the concept of spin connection, we have to recall some important
facts about spin geometry [10].
First of all, it is covenient recalling what a Clifford algebra is.

Let (V,(+,)) a vectorial space on R equipped with a symmetric bilinear form

():VxV — R
0o — g(v) = (v,0) Yo E V.

Definition 1.6.7 (The Clifford algebra). The Clifford algebra CI(V,q) of R is the asso-

ciative algebra on R given by
Cl(V.q) =T(V)/(v@v=q(v)),
where

TV)=Ve(VeV)e(VeVaeV)e . =PV

is the tensorial algebra on V.
Thus, the Clifford algebra is the largest associative algebra generated by V', subject to the
relation v? = (v,v) = q(v) for all v € V.

Given the real vector space (V,q), we denote with (V¢, qc) its complexification, where
Ve = V®gC and g¢ the complex extension of g. Then, Cl(V¢, gc) = CU(V,q)c = CI(V, q)C.
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Choose now V = R" with the Euclidean norm, namely (R™, | - ||), and let CI®(R") be the
complexified algebra of CI(R").

Definition 1.6.8 (Spin representation of CI®(R")). The spin representation of C1%(R"),
k:CISR™) — U(A,),

is the unique irreducible representation of CI®(R") of dimension 2".
U(A,) = Aut(A,) denotes the group of unitary operators acting on the Hilbert space of

spinors A,,.

Given the spinor representations of the complex Clifford algebra k, we can now define
the Spin representations of the spin group k, knowing that it is possible to restrict the

representation of CI®(R)" to the spin group:

Definition 1.6.9 (Complex spin representation of Spin,). Let Spin, C CI(R™) C
CI(R"). Then the complex spin representation of Spin,, is the restriction of the complex

spin representation of CI¢(R"), namely
k : Spin,, — U(A,,).

Definition 1.6.10 (Spin structure). Let M be a paracompact” manifold and E an oriented
vector bundle on M of dimension n equipped with an inner product.

The collection of oriented orthonormal frames of a vector bundle form a frame bundle®
Pso(E), which is a principal bundle under the action of SO(n).

A spin stucture for Pso(E) is a bundle homomorphism [11] over M of principal bundles

l.e. there exists a

n

between Pso(E) and Py, (£) under the action of the spin group Spin
map
P : Pspin(E> — Pso(E)

such that
P(pg) = ®(p)p(g), mo® =7  Vpe€ Pyin(E),Vg € Spin,,

where p : Spin,, — SO(n), which means that the spin group is the double cover of SO(n).

"Every open cover admits a locally finite subcover. This assures that a metric over M could always be
defined.
8See Def.(1.9.2) and (1.9.3).
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3 @ L

Spinn PSpin(E> Pso(E> SO(n)

N

M

A spinor bundle of E is a prescription that associates a spin representation to every point

of M.

Definition 1.6.11 (Spinor bundle). The spinor bundle is defined to be the complex vector
bundle

S = Pspin Xk Ana

associated to the spin structure Py, via the complex spinor representation k : Spin, —
U(A,).

The spin representation k is a faithful and unitary representation of the group Spin,,. The
spinor bundle is the associated bundle of the principal bundle Py, through the spin repre-
sentation.

A section 1) € I'(S) of the spinor bundle S is called spinor field and is a map

v M — S
r — P(z) € Sy =A,.

Thus, at each point z € M, the fiber S, is a complex vector space isomorphic to the spinor

space A,,.

Finally, we can define what a spin connection is. This will be essential for a complete

understanding of the following chapters.

Let Q be a connection on the oriented vector bundle F. It induces a connection V on
the SO(n)-bundle of oriented orthonormal frames, namely Pso(E), described by 1-forms
we € Q1 (U,, SO(n)).

Definition 1.6.12 (Spin connection). The spin connection V on the spinor bundle S is
defined by the 1-forms

Qo = py H(wa) € QY Uy, Aut(Ay)), (1.6.5)
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where p : Spin,, — SO(n).
Hence, the spin connection is defined via the pull-back of the connection defined on the
Pso(E).

For the moment, we will limit ourselves to this general definition. Later, after the intro-
duction of the physical aspects too, we will give a more suitable definition for our case of

interest.

1.7 Torsion, curvature and non-metricity tensor

With the introduction of the covariant derivative, we can construct some fundamental tensors
useful to describe the geometry of the manifold. Actually, we have implicitly made use of
some of them in the definition of the Levi-Civita connection (1.6.5), in fact conditions (1.6.1)
and (1.6.2) can be written by the introduction of two tensors, the non-metricity tensor
and the torsion tensor, respectively.
It is important to note that the following definitions hold in general, meaning that the affine
connection I' does not necessarily have to be the Levi-Civita’s.

Let X,Y,Z € I'(TM), then we define these tensors and their respective components in a

coordinate basis:

- Torsion tensor

T(X,)Y)=VxY —-VyX — [X,Y], (1.7.1)
™, =TI",, =T",,; (1.7.2)
- Clurvature tensor
R(X,Y,Z) =VxVyZ —-VyVxZ - Vxyv|Z, (1.7.3)
Ry = 0,1 e — 0,1 + 10 )T — T 060 (1.7.4)
- Non-metricity tensor

QMVP = Vugvﬂ = OuGvp — FAMVQ/\/, - F/\upgu)\' (176)
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These three tensors have the following properties, that hold in general:

Tuup - _Tupy; (177)
RMV;)O’ = _Ruyap; (178)
Quup = Qupy- (179)

Hence in the case of the Levi-Civita connection, T(X,Y) = 0 and Q(X,Y, Z) = 0.
We will comprehend the importance of these objects in the next chapters (see Chap.(3)).

1.7.1 Bianchi’s identities

The characterizing tensors of a general affine connection are not completely independent

from each other. In particular, curvature and torsion are related by the Bianchi’s identities:

RM'ypo) = VI oo + TH o T po; (1.7.10)
Vel 1vjpo) = =R yrfaT7 o). (1.7.11)

1.8 Parallel transport of tangent vectors

In Euclidean space, tangent spaces at different points can be naturally identified through
translation, making it straightforward to transfer vectors between them. However, on a
general Riemannian manifold, moving tangent vectors from one point to another along a
curve requires a process called parallel transport. This process depends on a chosen affine
connection. Given a specific affine connection, there is a unique way to perform parallel
transport of tangent vectors. Different affine connections, however, will yield different parallel

transport behaviors.

Definition 1.8.1. Let v : [a,b] € R — M a smooth curve. The derivative of a vector field
X € I'(T'M) along a curve v with tangent vector ¥(\) = (dy*/d\)d,, is defined as

DX

Then, it is possible to define a parallel transport for X associated with this specific connec-

tion. X is said to be parallel transported along ~ if

DX



1.8. Parallel transport of tangent vectors 23

namely,
X" =0. (1.8.3)

Hence, the covariant derivative of the field X along the tangent curve % is zero at each
point of the curve. Eq.(1.8.3) represents a system of first order differential equations in the
unknown X*, which admits a unique solution once the initial condition X} = X*(\g) has

been provided. It is important to note that X*(v()\)) depends on the curve ~.

Theorem 1.8.1. For any curve v : [a,b] C R — M, any A\g € [a,b] and any X, € T, M,
there exists an unique vector field X along  which is parallel, such that X (y(\g)) = Xo.

By evaluating a parallel vector field at two points x and y, one obtains an identification
between a tangent vector at x and a tangent vector at y. In this context, the tangent vector
at y is considered the parallel transport of the tangent vector at x along the given path.

Vectors related in this way are said to be parallel transports of each other.

Definition 1.8.2 (Parallel transport). The parallel transport of a vector field X from
v(Ao) to () along « is denoted by

Py i DogM — T,o)M
Xo=X((0) — X(v(V)

and it is a linear isomorphism.

Definition 1.8.3 (Holonomy group). Let V be a connection on the tangent bundle 7'M,
and let x € M. For any smooth loop 7 : [0,1] — M based at z, i.e. ¥(0) = (1) = «, the

parallel transport along v defines a linear isomorphism
P = P&l cT,M — T, M.

The set of all such linear maps forms a subgroup of the general linear group GL(T, M), called
the holonomy group of V at z:

Hol, (V) = { P € GL(T, M) s.t. v is a smooth loop based at x }.

Definition 1.8.4 (Autoparallel). Consider a general connection I'”,,,,. An autoparallel is

a curve y(A) whose velocity 4 = (dy*/d\)0, is invariant under parallel transport up to a
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term proportional to the velocity, i.e.

2 v
_ 4
d\2 dN dA

iy FON. (1.84)
If f(\) =0, then the autoparallel is said to be affinely parametrized.
Eq.(1.8.4) is a system of second order differential equations, which admit a unique solution

once initial position and velocity have been assigned.

Definition 1.8.5 (Geodesic). A geodesic is a particular case of autopalell, in which the
general connection is constrained to be the Levi-Civita one. Hence, the affinely parametrized
geodesic is given by

B d2~r ) dytdy”

T Az AN AN

Vay (1.8.5)
where we named VXC = V for future convenience.

We will return on the differences between geodesics and autoparallels in the next chapters.

1.8.1 Geodesic deviation equation

The geodesic deviation equation is the equation that relates the tendency of geodesics to
accelerate toward or away from each other to the curvature of the manifold. This gives
another characterization of curvature, and it also plays an important role in motivaring
Einstein’s equations (see Sec.(2.2)).

Let ~,(t) denote a smooth one-parameter family of goedesics, hence for each s € R, the
curve s is a geodesic (parametrized by the affine parameter ¢), and the map (¢, s) — () is
smooth, one-to-one and has smooth inverse. Let ¥ denote the two-dimensional submanifold
spanned by the curves v,(t).

This family of geodesics forms a congruence on ¥, which means that each point of ¥ belongs
to the image of one and only one curve of the family. For this reason, the pair (¢, s) may be
choosen as the coordinates of .

A natural vector basis adapted to the coordinate system is given by the pair {T#, S*}, where

T = 85”—: is tangent to the family of geodesics and thus satisfies

TV, T" =0, (1.8.6)

while the vector field S¥* = Bg—: represent the displacement to an infinitesimally nearby

geodesic, and it is called deviation vector [12].
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We can define
VE =TV, S" (1.8.7)

as the quantity that gives the rate of change along a geodesic of the displacement to an
infinitesimally nearby geodesic, and it is called relative velocity. Moreover, we can define the

quantity
At =TVV, V* (1.8.8)

as the relative acceleration of an infinitesimally nearby geodesic in the family.
With these ingredients, it is possible to derive an equation which relates A* to the Riemann

tensor:

At =TV, (TPV,\S")
=TV, (S*V,\TH)
= T"(V, SN VAT* + T" SV, V, T
= S"V, TMV\T" + TYSMN(VAV, T + R¥,,\T7)
= SV, TVATH + TSV, VT + TSV RV 0\, T°
= SV, (T VAT") + RV, T°
= R\, TOTNS” (1.8.9)

where in the second line we use the fact that, since the torsion is null, then [S,T] = [0s, 0] = 0
and hence TV AOH = SAV AT*. Instead, in the fourth line we use the definition of Riemann
tensor, namely [@,,, 6,\]T” = RF,,\T7 (see eq.(1.7.3)).

Eq.(1.8.9) is the geodesic deviation equation, from which follows that the Riemann tensor is
non-zero if and only if the geodesics accelerate towards eachother.

Initially parallel geodesics, i.e. V# = 0, remain parallel if and only if the Riemann tensor

vanishes.

1.9 Frames and coframes. Anholonomy.

So far we used a formalism in which the basis of the tangent space are given by coordinate

systems. In this chapter, we want to develop a framework in which we consider any sort of
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basis, with some properties. In this framework, the nexus with gauge theories is clearer. We

will deepler explain this and its physical interpretation in Sec.(1.10).

Definition 1.9.1 (Frame over a manifold). Let 7 : E — M be a vector bundle, with
U C M an open subset. A k-tuple of local sections (o1, ...,0%) of E over U is said to be
linearly independent if their values (o1(p),...,o0k(p)) form a linear independent k-tuple in
E, for each p € U.

(01(p), ..., ok(p)) spans E if their values span E, for each p € U.

A local frame for E over U is an ordered k-tuple (oq,...,0%) of linear independent local
sections over U that span E. Thus, (01(p),...,0k(p)) is a basis for the fiber E, for each
p € U. It is called global frame if U = M.

We denote the set of all frames at p as P,.

Remark 1.9.1. P, has a natural right action by the GL(n,R) group: if ¢ € GL(n,R), it

acts on the frame fr via composition to give the new frame:
frog:R" — E,

such that the action on P, is both free and transitive.

Definition 1.9.2 (Frame bundle). A frame bundle P(E) of E is the disjoint union of all
the P,:

P(E):= | | P,

peEM
Each point in P(FE) is a pair (p, fr) where z € M and fr is a frame at p.

Definition 1.9.3 (Orthonormal frame). A local (or global) frame consisting of orthonor-
mal vector fields with respect to inner product equipped on the manifold is called orthonormal

frame.
A particular case of frame bundle is:

Definition 1.9.4 (Tangent frame bundle). The tangent frame bundle LM of a smooth
manifold M is the frame bundle associated with the tangent bundle T'M of M.

If M is n-dimensional then the tangent bundle has rank n, and the frame bundle of M is a
principal GL(n, R)-bundle over M.
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Analogously, we can define the (linear) coframe bundle L*M by taking all the basis of the

contangent bundle at each point. We represent frames with {e,} and coframes with {6*}.

Definition 1.9.5 (Parallelizable manifold). Let M be a smooth manifold of dimM = N.
M is said to be parallelizable if it admits a global frame (global basis field) {Xl, e ,XN}
of M defined over all TM such that for each p € M, {Xl (p),... ,XN(p)} is a basis of T,M,
where T}, M denotes the fiber over p of the tangert bundle 7°M.

Remark 1.9.2. Another way to define a parallelizable manifold is by saying that it is so if

and only if there exists a global section o.

Example 1.9.1. Lie groups are parallelizable manifolds, because since their algebra is (well)
defined by all left-invariant fields, it is always possible to build a global section o € C* that

associates to each point a basis of the tangent space.
By remembering what we said in Def.(1.2.2),

Definition 1.9.6 (Holonomic frame). A (local) frame {X;, ..., X,,} is holonomic if there

exixts a coordinate system {z!,... 2"} such that X; = %.

Remark 1.9.3. A preferred class of frames is that of inertial frames, denoted with e/, whose
coefficients of anholonomy f,; locally satisfy the condition f’“,, = 0. Thus, these frames

are holonomic, and all the coordinate frames belong to this family.

Theorem 1.9.1. A local frame {X',..., X"} is holonomic if and only if [E;, E;] = 0, i.e.

the frame vector fields commute.

Hence, not every basis field is a coordinate system. In fact, even if a manifold is parallelizable,
it may not admit a global coordinate frame. On the contrary, if it admits a global coordi-
nate frame, it implies that the manifold is homeomorphic to the euclidean space, because

the exsitence a global coordinate frame, so there is a global homeomorphism ¥ : M — R".

Therefore, instead of using e, = 9, and 0 = da* as basis of T, M and T; M respectively,
we can define a set of vectors and covectors, which we call® e, and 6% with a = 0,1,2,...,

and we choose them to be orthonormal, i.e.

g<€a76b) = Nab, (191)

9We will use Greek indeces (u, v, p,...) for coordinate frames and Latin indeces (a, b, ¢, ...) for arbitrary
frames.
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with 7 the Minkowsi metric.

Now we can expand e, in the coordinate base e, = 0,:
eq = €4'e,, (1.9.2)

where the set of coefficients {e,} are called matriz of tetrad tranformation and belong to
the linear group of all real 4 x 4 invertible matrices GL(4, R): the new basis {e,} is the frame
of basis vectors which is obtained by a rotation of the holonomic basis {0,}, preserving the
orientation.

The inverse matrix is e®, with
e’ et = 6% and e e, = 0", (1.9.3)
With this writing, eq.(1.9.1) becomes
Juvea €’ = Na, (1.9.4)
or, equivalently
Guw = €€ Map.- (1.9.5)

Remark 1.9.4. g is €% up to 7, in fact e is called metric square.

Remark 1.9.5. If we switch gravitation off, the metric tensor g, is replaced by the Minkowski

metric 7),,,, hence the relation (1.9.4) is now

nuueaueby = MNab- (196)

These are called trivial frames, represent inertial frames and account only for inertial effects

(with no contribution from spacetime curvature), as it is a geodesic motion.

By means of the same procedure, we can choose the basis in the cotangent space to be

0*, and we choose it such that the duality condition is satisfied:
Qa(eb) = (5ab. (197)

This equation implies

0" =e,'0" and 0% = e?,0".
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Proof. 0%(ep) = 6% = 0°,0M(ey"e,) = 0% = 0%,e” 0" (e,) = 0% = 0%,e" = 0%
Sh
== 0", =¢",
]

Remark 1.9.6. We can view the tetrad as an object that transforms Greek indeces in Latin

indeces, and viceversa.

Thus, at the end, in terms of coordinate frame, we have obtained:

eq = €,"0,,  e*=e, dz" (1.9.8)

where we have denote 6% = ¢® with an abuse of notation.

Example 1.9.2. To formally understand the notion of a tetrad, consider a two-dimensional
manifold (see Fig.(1.1)). In this setting, the coordinate basis (0., ) of the tangent space at a
point is, by construction, tangent to the coordinate lines but not necessarily orthonormal with
respect to the underlying metric. In contrast, a tetrad (or vielbein) provides an orthonormal
basis (e1, e3), where each vector is expressed as a linear combination of the coordinate basis

vectors:

€1 = 61‘”8#, € = eﬂ@u.

Remark 1.9.7. A coordinate frame {0,} is related to coordinates. A general frames {e,}
does not necessarily have this property. If it has, then there must exist certain functions
y®(z) (the new coordinates) such that

Oxt

et = o (integrability condition)
ya

that will not happen.
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FIGURE 1.1: visualization of a coordinate basis and tetrad basis in a two-dimensional
case. Figure credits [13].

We can understand this better: the Lie bracket (1.4.3) of two tetrad fields is:

eas ] = eqer — epeq = (€,0,) (e 0,) — (€,"0,)(e4"0,)
— (e D) e ) — (057D, (ea e )

= ea“[(auebu)ecl/ec + eby<8uecl/>ec + ebyecuauec]+
— " [(Ovea)el uee + e (0, ) e + et e 0, e.]

= e.'ep” [(Ope”)evee + (0,€° )ec + €0, 0]+
— ey el [(Oved!" e yee + (0uey)ec + e°,0ye.]

yefrec + (0uefy)ec + e50ned+
(Dvefp)ee + ebhes]

= e'ep”[(0
—ep’el"[(Ouet e’ e +

= e,'ep” (0,6 — 0,€%))ec

- fcabeo
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In the fifth line we collected e,”, and e,* in the seventh, while the cancellation is due the

following trick:
(1.9.1) = e, =6",e", = €°,0e. = 0",€%0,e. = e,0,e..

The same goes for the other pair. Thus:

= |[ea, &) = favee (1.9.9)

where

fCab = edt'ey” (0, — 0,e°)) (1.9.10)

are known as anholonomy coefficients. They quantify the failure of parallelogram closurness
generated by the vectors e, and e,. So we can find out if a frame is associated to coordinates

or not, and thus, state the following theorem:

Theorem 1.9.2. The basis {e,} is a coordinate frame, i.e. it is integrable, if and only if the

anholonomy coefficients vanish: f¢,, = 0.

Now it is clear why previuosly we have defined coordinate frames as holonomic frames:
because they have zero anholonomy.
In general, when ¢, # 0, the tetrad basis is anholonomic and the anholonomy coefficients

specify how much they depart from being holonomic.
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Part II - The need for a spin connection

Up to this point, we have introduced several concepts from a purely mathematical perspec-
tive. We now aim to incorporate physical insights into the discussion. In particular, we will
define the spin connection more physically, explore its significance, and understand its role

within the broader physical context.

1.10 Lorentz invariance and coupling prescription

Lorentz invariance is a fundamental symmetry of nature. Any relativistic equation could be
written in a Lorentz covariant form.
Tetrad fields {e®, } represent observers in special relativity, and allow the projection of vectors
and tensors of the spacetime in the local frame of an observer (locally flat spacetime). To
measure field quantities with both magnitude and direction, an observer must project them
onto their own reference frame. Spin connections play a very important role because they
represent the inertial effects occurring in the considered frame. It is called spin connection
because it could be used to build covariant derivatives for spinors to describe a fermion in a
curved background (coupling with gravity).

To introduce the concept of the spin connection (also called Lorentz connection), let us
think about what happens in a quantum field theory [14] when we want to make a theory,

for instance a Dirac theory with

invariant under a local U(1) phase transformation

b(z) = ey (),

which goes under the name of Abelian gauge field theory. Since under local U(1) each point
of the representation space of the Dirac field transforms in a different way, the usefulness of
a directional derivative is now missing. If we want to construct a derivative, i.e. being able
to compare fields in different spacetime points, we have to parallel transport a field on the
tangent space of the other one.

This leads to the introduction of an additional term in the derivative,

0, — D, = 0, +ieA,, (1.10.1)
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where A, is called gauge field, acts linearly on the field and encodes the local infinitesimal
transformation that we have done. D, is called covariant derivative and the additional term
allows the Dirac Lagrangian to remain unchanged under a U(1) transformation.

Mathematically, A, is a connection, which is a 1-form with value in the Lie algebra of the
Lie group U(1). In the case discussed (as in many others, e.g. Chromodynamics), however,
the connection related to the gauge transformation takes value in groups that do not directly
involve the spacetime.

Problems arise when describing certain theories of gravity. In fact, as we will see, it is
possible to construct different gauge formulations of gravity, in which the General Relativity
is formulated as a gauge theory of translations. Then, it is clear that in this process we must
take in account the spacetime, because this theory works with spacetime itself.

Under a change of frame, a tensor transforms according to representations of GL(4,R), which
is the set of all invertible four-dimensional real matrices, but some of these objects may lose
their covariant behaviour under local (point-dependent) transformations. In order to re-
establish the covariance, we have to introduce connections, called spin connections, (which
depend on the case we are considering) that allow us to compare vectors at different points
via parallel transport in a way that is consistent with the spacetime structure and therefore
has to take values in gl(4,R). To be more precise, as we will see in the next section, the
structure group from which the connection derives its values will be restricted from GL(4,R)
to SO™(3,1).

This operation produces a modification of the derivative, similar to (1.10.1) and is called
coupling prescription. It is for this reason that the spin connection can be regarded as
the gauge field generated by local Lorentz transformations.

Before going any further, we would like to recall the most important aspects of the

Lorentz groups and its algebra.

1.11 The Lorentz group

The Lorentz group is a group of linear coordinate transformations applied on four-vectors.

We indicate such transformation with A:

at — o't = A (1.11.1)
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such that the square of four-vector in Minkowski spacetime remains invariant, i.e.

w _ WV w, v __ )z P v g\ __ P 0
"y, = Nurts” = nuatr" =0, (A ,20) (N ox%) = nea’x

= (NN )N ¢ = 1pe (1.11.2)

The inverse of A is A~! and it is defined as (A7')*, = A,#. As A~!is a Lorentz transformation

too, eq.(1.11.2) still holds:

an(A_1>Mp(A_1)VU = MNpo = anApMAJV = Tpo
— AN, =

In matrix notation: n = ATpA = (detA)? = Id. This means detA = +1.

- detA = +1 encodes transformation called proper Lorentz transformation. The product
of two proper Lorentz transformation is a proper transformation, hence they form
subgroup called SO(3,1).

- detA = —1 encodes transformation called improper Lorentz transformation. They can
be written as product of a proper Lorentz transformation and a discrete transformation

that changes sign of odd number of coordinates.
Consider now eq.(1.11.2) with p = 0 = 0: 199 = 1 = 7, AN = (A%)? — 327 (A7)

1=

— A% >1or A% < —1.

Lorentz group with A% > 1 produces orthocronus transformations, while A% < —1 produces
non-orthocronus transformations.
We are interested in proper orthocronus Lorentz transformations, which forms the restricted

Lorentz special orthogonal group SO (3,1).

Remark 1.11.1. SO™(3,1) is a Lie group and SO*(3,1) C GL(4,R).

The expansion near the identity is A = Id + w + o(w?), i.e.

A, =k, + Wty + o(w?). (1.11.3)
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If we insert eq.(1.11.3) into eq.(1.11.2), we obtain

(s + Wy + o(W) (15 + o + 0(wW?)) = 0o + 0w on’” + Wy’ on”” + o(w?)
— an WPt PP 0(w2) ; 77W

= W = —wh’. (1.11.4)

w are generic elements of s0(3,1), and the most generic 4 x 4 antisymmetric matrix has six
independent components: three of these are related to boost transformations and the other

three to angular momentum transformations (rotation in R?).

1.11.1 Representations of the Lorentz group

A representation R of a group G is an operation that associates a linear operator Dg with

every element g € GG such that the group structure is preserved:

Dr(g1,92) = Dr(91)Dr(g2)-

For a representation of a Lie group with parameters %, we have
Dr(g(6)) = "4,

where T} are the generators of the group in the representation R. For an infinitesimal 6°,
Dr(0) =~ 1 +i0°T%. Generators form a Lie algebra: [T%,T°] = if® . T¢ where f%, are the
structure coefficients, independent of the representation R.

For the Lorentz algebra, the parameters are w*”, then

A = e awm ™ (1.11.5)

where J*¥ are the generators while the % takes into account the fact that both w,, and J*

are antisymmetric.

1.12 Local transformations of tetrad bases

A set of tetrad fields is a collection of four orthonormal, linearly independent vector fields in

spacetime {e1#, eo#, es”, e4”}. They constitute the local reference frame of an observer that
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moves along a trajectory -, represented by the worldline z#(7), where 7 is the proper time
of the observer [15].

The components eg” and {e;#} are timelike and spacelike vectors, respectively'®. The
set {e,"'} transforms as a contravariant vector field under coordinate transformations of the
spacetime, and as a covariant vector field under SO*(3,1).

The basis e, could be changed indipendendly from the coordinates:
eq — € = N (2)ep. (1.12.1)

In each tangent space we can choose a different A, hence these are transformations that
depend on the point.

We want the new basis €/, to be orthonormal as well, thus g(el,, €;) = 14, must hold.

— Q(Aacé’c, Abded) = Nap = AaCAbdg(667 ed) = Tab
— AN Neq = Nap- (1.12.2)

This means that the transformations A,°(z) have to leave the metric unchanged at each
point: they are analogous to the Lorentz transformations of the Special Relativity, but in
this case they are local, thus they can be different depending on the considered tangent
space.

To summarize, so far we encountered two gauges: General Relativity is invariant under
change of coordinates (diffecomorphisms) and there is also a freedom to do local Lorentz
transformations. If we make such transformations together, a tensor with both Latin and

Greek indeces transforms as

ax/U
O

o

8$/)‘

X0 = A° (A a5 X", (1.12.3)

The covariant derivative of a tensor with only Greek indeces contains corrections given
by the connection coefficients I'*.,, needed to make the tensor transform as a tensor under
diffeomorphisms, thus they deal with spacetime/external indeces.

The same procedure could be done for an orthonormal basis, with the connection coefficients

replaced with the spin coefficients w® 4> which deal with the tangent space/internal indeces.

g, e0teg” = mop = —1, i.e timelike. Same goes for {e;"}
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1.13 The spin connection and the Fock-Ivanenko deriva-
tive

Now, we have all the ingredients to specify the definition of spin connection (1.6.12) given
before.
Let us recall that we are now working with SOT(3,1) as structure group of the gauge
invariance, since we said that the spin conncetion could be interpreted as a gauge potential
generated by local Lorentz transformations.

The connection that belongs to the principal SO (3, 1)-bundle is

w € Q' (Pso,50(3,1)), (1.13.1)

hence takes value in the s0(3,1) algebra. In this particular case, the spin connection is the

pull-back of w via
p:Spin(3,1) — SO(3,1), (1.13.2)

namely, © = p; ' (w). Thus, @ € Q' (Pipin, 5pin(3,1)).

Note that Spin(3,1) = SL(2,C) double covers SO(3,1). However, the spinorial representa-
tion is a representation of s0(3,1) via the generators £ = 1[4 4"]. This means that to
construct the spin connection is sufficient so(3, 1), in fact it is commonly said that the spin

connection is a s0(3, 1)-valued 1-form on the principal Ps,,-bundle.

Remark 1.13.1. The frame bundle of the spacetime is a principal SO*(3,1)-bundle. This
means that at each spacetime point, the set of all possible frames for the tangent space
forms the fiber: the transitive action of the structure group SO™(3,1) on the fibers allows

the construction of the entire fiber by shifting a point via Lorentz transformation.

Physically, we write the spin connection as linear combination of the s0(3,1) Lie algebra

generators:
1 ab 0
Wy = W pdap € CF(M) ®s0(3,1), (1.13.3)
where w“bu are the spin connection coefficients, which are antisymmetric in the latin indeces,

that is w"bﬂ = —wbau, due to the antisymmetricity of J.

Remark 1.13.2. w® = w® dz* € Q' (M).
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Remark 1.13.3. We can offer an alternative perspective on the restriction from the group
GL(4,R) to SO™(3,R). Spinors transform under a specific representation of the Lorentz
algebra s0(3,1), but this representation does not extend to gl(4,R), in which the Levi-
Civita connection takes values. As a result, the Levi-Civita connection cannot naturally
act on spinors. To define a covariant derivative for spinors, we require a connection that is
compatible with their transformation properties. This necessitates reducing the structure

group to obtain a s0(3, 1)-valued connection that can act appropriately on spinors.

This definition allows us to introduce the Fock-Ivanenko derivative:

l

Du::au—w“:au—z

w®, Jap, (1.13.4)

where J,;, are the generators of the appropriate representation of the Lorentz group.

Example 1.13.1. If we want to describe the Dirac equation (i@ — m)y = 0 in a curved
background, we have to replace @ with P = V(O + %w“buEab) where Yo, = [v4, 7] are the

generator of spin(3,1).

Using the four vector representation of the Lorentz algebra generators, namely

(Jab)a = i(Mpad’a — Maad’s), (1.13.5)

we can compute the Fock-Ivanenko derivative of a tetrad field:

{

Dye® = (0 — wp)e® = 0 — 50™ u[i(1ad%0 — 1aads)]e?

2
1
= 8#68 + §[waduéca - wdb#(Scb]ed = 8#68 + §[ch# - wdcﬂ]ed
1
=0, + 5(2w“du)ed (using the antisymmetry of w,,)
= 0, + Wy’ (1.13.6)

From this, we can find the Fock-Ivanenko derivative of a tetrad matrix by using eq.(1.9.8),

a __ a .
namely e* = e?,dx*:

DM(BC)\) = 0u(ecx) + wcdued,\ (1.13.7)
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1.14 Relation between I, and w“bM: the tedrad postu-

late

We saw that the Fock-Ivanenko derivative acts on internal indeces and can be defined for
both tensorial and spinorial fields. In fact, more generically, the covariant derivative of V of

a tensor X%, is:
VX% = 9, X% + w, X — W X%, (1.14.1)

where each Latin index brings a interaction term which contains a spin correction.
@NX %, transforms eq.(1.12.3) in the right way under diffeomorphisms and local Lorentz

transformations. The covariant derivative of a field X is

VX = (V,X")dz" ® 9,
= (0, X" + TV p XM da" ® 0,. (1.14.2)

On the other hand, we can write the same covariant derivative but in a mixed basis:

VX = (V,X")da" @ eq = (9, X" + w3, X*)da" @ e,
= [0,(e", X") + w“bueb,\X’\]dx“ ® (€4°0y)
= e, [0, X" + X 0,e, + wu“beb,\XA]dx“ ® 0,
= [0,X° +¢€,7X"0,e", + ea"eb,\w“bMX’\]dx“ ® O,. (1.14.3)

Since the covariant derivative of a field cannot depend on the basis, then V = V (tetrad
postulate), hence eq.(1.14.2) and eq.(1.14.3) must correspond. For this purpose, let us
rename the dummy indeces o — v and v — X of eq.(1.14.3) and compare it with eq.(1.14.2):

T = €a”0,e% + e "\ = €." D, (1.14.4)
which could be written as:

wabu = BaVBbAFVMA — ebAE)Me“A
A A
=e% e FV,M + e“Aaueb

=e" Ve, (1.14.5)
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where in the second line we use the fact that 9,(e,*e®\) = 9,(0%) = 0, hence e®,d,e,™ +

eb’\aue“,\ =0.

Remark 1.14.1. The spin connection is then canonically induced by affine connection, thus
is entirely dependent on the metric. The spin connection is, in a sort of sense, a lift of the

affine connection from the tangent bundle.

Eq.(1.14.5) is of a remarkable importance, because it is equivalent to

Vet =0 (1.14.6)

which means that the tetrad is covariantly constant under both diffeomorphisms and local

Lorentz transformations.

Proof.

Vet =0 0ue’, —T7 e, + w“bueby =0
> e 0,e", — e TP e, + Wy, eLel =0 (contracting with e.”)
——
st

a 14 a v a
= Wi =e TP e, —el0,e",

O

Remark 1.14.2. Another way to say that the metric is covariantly constant, namely Vg, =
0, is by saying that the spin connection is antisymmetric in the Lorentz indeces, meaning
that it takes value in the Lorentz algebra. Thus, the metric compatibility holds if and only

if we choose a Lorentz connection.

Proof.

0= Vg = NG — I 2\uGov — TN\ Guo
= O\ (€" 1€ Mab) —€a” Gor Dre® s — €a” GuoDres (using (1.9.4) and (1.14.4))
=0
= €07 Gou (On€® s + W are? ) + €47 guo (Ore™, + ware®,) (using (1.13.7))
= € (govea” e W are’y + ea”er” guow” are’,)
= ebued#(nabwad)\ + €47 Maaw b))
= €bu€d# (Whax + wWapx)

= Whd\ = —Wdb)
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m

Hence, at the end we need to remember these two fundamental results:
Ve, =0, —T",e", + w“bueb,, =0, (tetrad postulate) (1.14.7)
V0w = 09w — ' 2u96v — T 20940 = 0. (metric compatibility) (1.14.8)

1.15 The dynamical variables in tetrad formalism

Having the definitions of tetrad and spin connection, it is possibile to compute torsion, cur-
vature and non-metricity in this formalism. An important advantage of formulating gravity
using tetrads and a spin connection - especially in the context of Teleparallel geometries - is
that these definitions depend solely on the spin connection. As a result, whether these quan-
tities vanish or not becomes a property of the spin connection alone and remains unaffected
by the choice of tetrad. Making use of Defs.(1.7.1), (1.7.3) and (1.7.5), and of a coordinate

basis {0,} as {e,} we obtain:

T = (", T(ey e))
=0
a
= <e 7V6H6,, — Veueu - [e/u el/])
= <€apdaj'pa (F)\/U/ - F)\uu)e)\> (uSing veue’/ - F)\“lle)‘>

= ea)\<r)\/ﬂ/ - Fz)\/,u)

= 0,e%, — 0,e", + whye’, — Wil (using eq.(1.14.6)) (1.15.1)
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R, = (", R(ey, ey, €p))
=0

= (e",(Ve, Ve, =V, Ve, — m)ebpep>

= (e"dx?, V., [(0ye")e, + e Ve, e,] — Ve, [(Oue”)e, + e Ve, e))

= (e"5dx?, (0,0pe5")e, + (0ve”) Ve, €0 + (Oer I e e, + €7V, Ve €,

QBT — (0, — Tty — 9V

= (e"5dx?, (0yes”)Ve,ep — (Opes”)Ve, e, + €7 (Ve, Ve, — Ve, Ve, )ep)
= (e%,dx”, (T I,)00(er”)e,) + e ves” R pyu
(FA -, )eb ore”p + ey’ R 4y

a C a C
Wb — Oy + W — W Wy (1.15.2)

Qaab - vea [g(em eb)] - g(veaeaa eb) - g(em veaeb)

v c c c c
= aa(guu)eaueb - ea'uaae pwleb — W oaalleb — ebﬂaae wTac — W ballac

c d v c d v c c c c
= (8046 u)e Vncdeaueb +e u(aoze V)T/cdeaueb - eauaoze ulrlcb — W galleb — ebuaoze ,unac — W pallac

c c c c c c
= e, o€ 1)T)cb +M_eau ulley — W aancb_e\b#’w_w balac

= _Wcaancb - chanaca (1153)

where in the second line of eq.(1.15.3) we used 9, (€,€%Mea) = On (€)% Nedt€%00 (€% ) Ned,
while the relation V., (fX) = e,[f]X+fV,, X, with f a scalar, has been used multiple times.

1.16 Physical interpretation of the spin connection

So far, we have treated the spin connection as a mere tool useful to correct latin indeces in
covariant derivatives of mixed tensors, and analyzed its mathematical properties.

Now, we want to address a physical meaning to it. For this purpose, we investigate the
behaviour of the spin connection under a local Lorentz tranformation, as previously done
for a tetrad basis (1.12.1). Let us first consider an inertial frame €’®,, written in a holonomic
basis, namely e*, = 0,2'®, where 2’* = 2’*(2#) is a Lorentz vector which depends on the
spacetime point.

Considering a local Lorentz transformation

2 — 2t = A% (z)2'?, (1.16.1)
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we have that
e, — et = A% (x)e . (1.16.2)
Let us compute the partial derivative of x/*:
9,2 = 0,(A%(x)2%) = (0,2")A%(z) + 2°(0, A% (). (1.16.3)

On the other hand, it can be written in a slightly different way via a chain rule manipulation:

o ., 01 0

- %az - oxH O0x'c

la
Oy

' = e,0' =€, = e N (). (1.16.4)

Solving eq.(1.16.4) for e, and comparing it with eq.(1.16.3) follows that:

e, = (9,2°) A (2) A (z) +A%(2)8, A% (x)ab = 9,2° + &2’ = D,a”, (1.16.5)
5 a
b
where
W%, = N ()0, A% (x) (1.16.6)

is called purely inertial spin connection and it represents the inertial effects in a given frame.

However, under local Lorentz transformations the spin connection gauge transforms as

[16]:
Wiy = A (2)w " N (7)) + A% (2)0, A (). (1.16.7)

Unlike what happens in eq.(1.16.6), in eq.(1.16.7) there are two terms: the first term accounts
for non-inertial effects, while the second term captures the inertial effects arising from the
rotation of the new frame with respect to the previous one, which occurs when a local Lorentz
transformation on a spacetime point is performed [17].
Hence, we understand that the inertial connection (1.16.6) is the outcome of a local Lorentz
transformation (1.16.7) when considering a vanishing spin connection &’ “4u = 0.

Thus, starting from an inertial frame where the inertial spin connection vanishes, a local
Lorentz transformation A% (z) can always be used to generate different classes of frames.
Within each class, the infinitely many frames are related to one another by global Lorentz

transformations A%, = const.
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Coefficients of anholonomy (1.9.10) can be written in terms of spin connection. Let us

start by inverting the first line of eq.(1.14.5), namely

a b a b _a vTA
Opes = —€owy, + e’ gere" T,

= —e’owy, + 85 e\ L, (1.16.8)
and insert it into the definition of f¢,; (1.9.10):

fcab = eaueby(ayecu - 8u€cu)

v d ¢ a _c d c a _c
= e, 'ep(—e Wy + 6 va + €% w dv_M)
v d c d c
= e.l'ep” (—e wlay + €% wa)
v d c d c v
= —ep e, Wiauel +e'e  waer
W—/ \/_/
& 5,2
C C 14
=w bueau — W av€p
= Wy — W ab- (using the contraction w®,. = w,e.") (1.16.9)

Following what we have said before, if we start from an inertial frame, it follows that
fcab = (:Jcba - (:-)cab- (11610)

From this relation it is possible to define the spin connetion in terms of the coefficients of
anholonomy. To do that, it is sufficient to write the coefficients of anholonomy in all the
possible combinations, namely, f%., f;%. and f.%,. Then, by summing them as f,*. + f.%, —
f%e, all the terms cancel themeselves out execpt for two identical terms. Thus, we remain
with:

fole 4 £ = e = 20, (1.16.11)

from which follows that

(S + fe"s = [ ) (1.16.12)

[ ]
a i
W pe =

N | —

In this framework, the curvature tensor accordingly to (1.15.2)

Rabm, = 8@%“ — 8Mc:)aby -+ (:Jad,,(:)dblu — w“duwdby =0. (1.16.13)
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It is zero due to the property A%.0,A% = —A°;0,A%. With the same manner, following

(1.15.1), the torsion tensor is
T, = 0,e%, — Due, + & e, — e, (1.16.14)

This result, physically tells that inertial effects cannot generate “curvature effects”, but it is
possible to produce only non-null torsional effects. However, if we consider trivial tetrads,

namely e, = 9,2 and Jﬂlm = 0, we can further nullify also the torsion tensor.
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Chapter 2
(General Relativity

General Relativity (GR) is a theory that describes the nature of space, time, and gravity.
At its core, the theory presents a simple yet profound idea: gravity is a manifestation of the
geometry of spacetime. It is founded on the principle that space and time are entangled into
a unified entity known as spacetime, which, in the absence of gravity, simplifies to the flat
Minkowski spacetime. This theory is essentially based on the following pillar ideas, which
can be stated as follows [17][12]|18][19]:

- The Principle of Relativity is the requirement that all observers be equally valid for
describing physics. In particular, inertial frames (which do not exist globally) are not

a priori preferred.

- The General Covariance Principle states that the basic laws of Physics can be formu-
lated in tensor form in any smooth four-dimensional manifold M. This means that field
equations must be “covariant” in form, i.e. they must be invariant under the action of

spacetime diffeomorphisms.

- The Equivalence Principle (EP) requires acceleration effects to be locally indistinguish-
able from gravitational effects. More geometrically, in any smooth four-dimensional
manifold M, it is possible to consider a small spacetime region where spatial and tem-
poral gravitational changes are negligible. Therefore, there always exists a local inertial

frame (LIF) where gravitational effects can be nullified.

The EP states that the Weak Equivalence Principle (WEP) — which holds that the
motion of an uncharged test body in free fall is independent of its internal structure
and composition — is universally valid. Furthermore, the EP ensures that the outcome
of any local, non-gravitational experiment is independent of both the velocity of the

freely falling apparatus and its location in spacetime.

There is also an expansion of the EP, called Strong Equivalence Principle (SEP), which
exihbits the same constraints as the EP, but allows the freely falling bodies to be
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massive gravitating objects as well as test particles. At the moment, GR is the unique
known theory that satisfies SEP.

- The Causality Principle requires that each point of spacetime has to admit a universally

valid notion of past, present and future.

According to the EP, gravity must be understood as a manifestation of spacetime curvature.
This leads to the framework of metric theories of gravity, which are based on the following
key postulates:

- Spacetime is equipped with a metric tensor g,,;

- the trajectories of test particles follow geodesics determined by this metric;

- in LIFs, the laws governing non-gravitational physics reduce to those of Special Rela-

tivity.

2.1 Geodesics equation

2.1.1 Geodesics equation from Equivalence Principle

As a consequence of the Equivalence Principle, the free fall motion of a test particle is given
by the geodesics equation. In a locally inertial frame (LIF), where the gravitational force
is eliminated thanks to the EP, a test particle will draw a straight line, whose equation of

motion is given by

d2at
—5 =0, (2.1.1)

where ds? = n,sdz®dz?, is the line element. Thus, we are saying that there exists a local

coordinate system y* that changes the metric g,, in a flat Minkowski metric 7,4, i.e.!

ox* oz”

o = . 2.1.2
77 B aya ayﬁgu ( )

!Geometrically, there always exist two matrices DT = 68?% and D = gfb such that n = DTgD.
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Then, in order to experience gravitational effects, we perform the inverse procedure, which

allows us to retrieve the geodesic equation from the Equivalence Principle:

d?zt d (dat\  d (Oatdy”
ds2  ds\ ds /] ds\ 9y’ ds
Ozt dyr  Oxt dy”

B 0sOy” ds — OJy” ds?
OPat dy dy” Ozt d%y”

= = 0. 2.1.
Yoy ds ds Oy ds? 0 (2.13)
Multiply eq.(2.1.3) by 24
oyf Pzt dy”dy”  Oyf Ozt A%y’ 0
oxr Oyody ds ds = Ozt Oy ds?
—— T
Trou v
dep . ayo ayu
pe 2L Y _ 9214
- ds? ds 0Os ( )

Eq.(2.1.4) is the geodesic equation and I*,, is called affine connection or Christoffel symbols.
The affine connection is responsible of the geodesic spacetime structure, which arises from
the gravitational force acting on the test particle and being responsible of the departure from

the straight trend. From its form,

o o
Oxr Oy oyv’

re,, = (2.1.5)
is clear that does not transform as a tensor. Physically they are the apparent forces acting
on the body due to the curved geometric background induced by gravity.

From Th.(1.6.2), in a metric compatible and torsion-free spacetime, there exists only one
symmetric affine connection, and it is the Levi-Civita. Imposing the condition @pgm, =0,
we obtain that the Christoffel symbols are the ones defined in (1.6.5), that is

ov

o 1
[y, = { P } = 59’“(&79&, + 0,gor — a)\gm,) (2.1.6)

Thus, the geometry of spacetime is entirely determined by the metric. The metric not only

defines distances, but also determines parallel transport through the Levi-Civita connection,
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which is a connection completely specified by the ten components of the metric tensor (and

its derivatives).

Remark 2.1.1. For reasons of nomenclature and convention, which will become clear in the
following chapters, we will already begin to indicate with over-circles the quantities build

up on the Levi-Civita connection, e.g. AL,

2.1.2 Geodesics equation via the action principle

The geodesic equation can also be retrieved as the equation that minimizes the functional
length, which means that it is its extramum via variational principle. Let us start with a
curve v : [Ag, \] CR — M s.t. y(Ag) = a, (A1) = b, then the length of the curve is

b b b M dar dzv
- — | Vasz= | /=g, derdz” = G S 2.1,
l /a ds /a ds /a gdarda //\O I I @ dA (2.1.7)

Note that there is a negative sign because we are considering a timelike curve. Its extremum

is given by the variational principle:

A dat dxv )\1 de“ dz” )
o d)\ d)\ o / guud;; %zu
M At da déz dz¥
= —_— 00T + 20, d 2.1.
/)\O ( dr dr & Qo0 0T" + 29, dr dr ) T ( 3)

where

/ dat da

We now integrate by parts, remembering that the total derivative is zero at the boundaries:

M T dgk dg? d dz
— 0, G0 — 252" , d
/AO dr dr (om0t xd(g“ dT)}T

AL [ A1 v
N //\o _%%aagwfs“’a — 205" 00 gy ddx ilx
:/“ [y, O detdet,  detdet, o detdat
N L " qr2 dr dr " dr dr " dr dr
M d2e 1deeda”
:/)\ _ngTQ +§ dr dT(

2,.v
— 20z gW(figE :|d7‘

&,g,m} oxtdr,

8(19#1/ + augp,a - au,ga;/):| dxtdr. (2]_].0)
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Taking an arbitrary variation dz* and multiplying by the inverse metric tensor g*’ we obtain

d2z? ., dx®dav
B, =0 2.1.11
dr2 dr dr ’ ( )

where
5 1 s
s, = §g (aagw, + OvGpa — 6ugay) (2.1.12)

are the Christoffel symbols.

It is worth noticing that in GR, the autoparallel equation and geodesic equation coincide.

2.1.3 The Riemann curvature tensor

We have observed how geometric curvature influences the geodesic equation, but to describe
it quantitatively as a field, we need to introduce the Riemann curvature tensor Ifl’“l,pg.
We saw that the condition on the Levi-Civita connection, in terms of tensors (1.7.1), reads

as

o

f”ﬁw — f“plw -1, = fﬂw = 0. (2.1.13)
Then, since both non-metricity tensor and torsion tensor are zero in GR, the gravitational
field is only described by curvature, whose expression is given the commutation of covariant

derivatives on a generic vector v*, namely
[V, Voloh = R0, (2.1.14)
whose extended form reads as (cfr eq.(1.7.3)):
RYypo = 0,10y — 9,10, + T, T, — TV, T, (2.1.15)

The above equation indicates that Schwarz’s theorem does not hold when applied to the
covariant derivative—unless the spacetime is flat (i.e. ]%“Vpa =0).
The Riemann tensor mantains its general property (1.7.8), which in this case corresponds

to }?“Vpo = —}(;?”l,op. Moreover, in the case of GR, due to the symmetries of the Levi-Civita
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connection, it acquires the following further symmetries:

éuupo‘ = _éuupa; (2116)

Rype = Ropou- (2.1.17)

In the GR framework, the Bianchi’s identities have both the right members equal to zero,

since it is torsion-free. Hence eqs.(1.7.10) and (1.7.11) become:

R ypo = R ypo + Ry + B4y = 0; (2.1.18)
%[aéupmg} = %aéuypg + 6,,]‘02“,,@0 + %pé”aw =0. (2.1.19)

Due to the symmetries (2.1.16), we can define the
- symmetric Ricci tensor
é,uu = éa,u,ow; (2120)
- scalar curvature

R=R", (2.1.21)

2.2 GR field equations

GR field equations can be obtained in different ways. Before deriving Eintein’s equations
via the GR action, we want to present a heuristic? approach to retrieve them.

Let us start by wondering what equation describes the relation between spacetime ge-
ometry and the matter distribution. An important clue is provided by the comparison of
the description of tidal force in Newtonian gravity and GR. In the Newtonian theory, the
gravitational field may be represented by a potential ¢, and the tidal acceleration of two

nearby particles is given by

A=—(z-V)Vé, (2.2.1)

2Einstein’s equations cannot be derived from other equations.
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where 7 is the separation vector between the two particles. On the other hand, in GR, from

eq.(1.8.9), the tidal acceleration of two nearby particles is given by
Al = RFLVIVAXY, (2.2.2)

where V# is the four-velocity of the particles and X" is the deviation vector. This suggests

we can make the following correspondence:
R VIV s —0,0M9. (2.2.3)
However, we want to find an equation that substitutes the Poisson equation of a Newtonian

potential, namely

e
Vi = P (2.2.4)

where p is the energy-mass density of matter. Furthermore, we know that in GR the energy
properties of matter are described by a stress-energy tensor 7),, that satisfies @”TW = 0.

Hence, an observer with four-velocity V measures the energy density as®
p=THVVA (2.2.5)
Observe now that V?¢ = 9,0"¢, hence from eq.(2.2.3), we obtain
R\ VIV = —4nT,\ VIV, (2.2.6)
which can be written as
Ry = 47T,y (2.2.7)

Hence, we have arrived at an equation in which the stress-energy tensor is proportional to a
symmetric tensor constructed from the second derivatives of the metric.
Eq.(2.2.7) are the equations firstly postulated by Einstein. However, they present a

problem: from the second Bianchi identity we have that the divergence of the Einstein

3The stress-energy tensor is T}, = Pg,, + (p + P)V,,V,, but due to the Newtonian limit the pressure is
neglected since v < c.
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tensor vanishes, namely

VG = V(R L Rg) = 0

27) 1 e 2 :
22D G g —59"VuR=0 = 0,k =0 (2.2.8)
47V, THY =0

due to the energy conservation of the stress-energy tensor. Thus, this calculation wuold
imply that the scalar curvature R is constant in the universe, as well as T' = T*,. Clearly,
these implication about the mass distribution are not physical, hence it is necessary to find
another tensor to replace R,,: the other symmetric 2-tensor constructed from the Ricci
tensor is CD?W. Taking into account the divergenceless behaviour of éW, let us consider the

following equations

o 1 TG

GMV = R/W — éRg/W = C_4Tw/ . (229)

Eq.(2.2.9) are the Finstein’s equations and do not present inconsistency between the Bianchi

identity and the energy conservation, in fact

7G -

V.G =0 = —5 VI =0, (2.2.10)

Thus, the energy conservation is now a consequence of the second Bianchi identity.
It is also possible to prove that the correspondeces which have been used to obtain eq.(2.2.7)
are valid for eq.(2.2.9) too.

The entire content of General Relativity can be summarized as follows:

- the spacetime is a differentiable manifold equipped with a Lorentzian metric g,,,;

- the curvature of g,, is related to the matter distribution in the Einstein’s equations

(2.2.9).

2.2.1 Derivation from the Einstein-Hilbert action

We now derive the Einstein’s field equations starting from the Einstein-Hilber action, i.e.

64

167G

SEH =

/d‘*:c\/—_gﬁz. (2.2.11)
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Note that R is the only scalar that can be constructed from the Riemann tensor which leads
to second-order equations in the metric?.
Using R = g“”}o%m,, the variation of (2.2.11) is

C4

05pm = 167G

/ d*z [\/_—gg“”(ﬂc%w + V=9gRu0g + R6\/—g|. (2.2.12)

The first term of (2.2.12) could be simplified. To do so, let us recall that under a metric

varitation, the connection f"wj varies as
I, — 17, +0I7,,. (2.2.13)

Note that even if the connection does not transform as a tensor, a difference between two

connections do. Thus, we can compute its covariant derivative:
VAdL?,, = 06017y, + 173,007, — 175,007, — 175,607, (2.2.14)
Remembering eq.(1.7.4), we can write the variation of the Riemann tensor using (2.2.14) as
SR ny = VAOIP,, — V007, (2.2.15)

Then, the first term of (2.2.12) becomes

C4

167G

C4

167G

4

/d4x\/—gg"” [ﬁxéf"\w — @VCSF)‘,\M]
c

- —= / d*z\/—g {%(Waﬁw) - %(gwaraw)]

/ d*z/=gg" 6 Ry =

C4

= /d”‘x\/—g%,\v’\

167G

C4

e /d4x (v —g vY). (2.2.16)

Hence, this term is a total derivative, and invoking the Stoke’s theorem, it gives a boundary
term when integrated, which does not contribute to the field equations.

Now, we will manipulate the third term of (2.2.12). We use the formula

tr(InM) = In(detM), (2.2.17)

‘We may write IRY —g]izm,f%“”, but the Ricci tensor is of the second order, hence after integration by
parts we will obtain fourth-order equations, which contain Ghost fields and tachyonic particles.
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which holds for every invartible matrix M. Its variation yields

trM~'6M = §(detM). (2.2.18)

detM

Setting M = ¢g"” we have that eq.(2.2.18) beacomes
gudg" = gbg~". (2.2.19)

Hence,

1 —1y-3/2 ~1
—5(=g7) (=g ")
1

= —5(—9‘1)‘3/ 2(—97") g0 g™

1
= —5\/—ggW(5g“”. (2.2.20)

We can finally rewrite the variation of the action (2.2.12) as

ct . 1.
8Spy = d*z/=g| Ry — =R |09, 2.2.21
EH 167TG/ X g|: m 5 gu} 9u ( )
Imposing 0Sgy = 0, we get
o o 1 o
G;w - R,u,z/ - §Rg,u,1/ - 07 (2222)

which are the vacuum Einstein’s equations.
In order to obtain the Einstein’s equations in presence of matter, it is sufficient to add

the mass action, namely
Ser = S + Sm, (2.2.23)

which yelds

4

— _ ¢ 4 — juZ 4 M_m %
0Sgr = 0SEH + 0S5, = 167G /d T/ gGWch + /d l’éguy(sg , (2224)
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where we can define from the last term the energy-momentum tensor of matter® as

2 0L,

(‘ZUV - _—’—_g(SQT’

(2.2.25)

which is symmetric, satisfies the conservation equations @H‘Z’“’ = 0 (see later), and physically

represents the source of gravitational field. Again, from 0Sgr = 0, we get

. &G
G — %EW =0l (2.2.26)

Let us show explicitly the conservation of the energy-momentum tensor ¥,,. We start
from the second Bianchi identity (1.7.11) with R%g,, = R%g,, and T%s, = Qus, = 0 since

we are dealing with GR. Hence we remain with
VAR5 4 VR gn + V, R 55, = 0. (2.2.27)

We can further simplify this equation by invoking the Covariance Principle, which allows
us to choose a Local Inertial Frame (LIF), where the first derivatives of the metric vanish,

while the second derivatives generally do not. Thus, eq.(2.2.27) becomes
R g + O, R 5n + 0, R, = 0. (2.2.28)
Contract now a with A and exploit the antisymmetry of the Riemann tensor (see (2.1.16)):
IR s + 0 gn + 0,7 gy, = 0, (2.2.29)
and raising the index 8 and contracting it with p, it follows that
—O\R, —03R°, +,R=0 — 9,R", — %ayfz =0 (2.2.30)
From eq.(2.2.30) we obtain

0u (R — ZgR) =0 = V(R — g I) =0 (2.2.31)

5Note that this definition of energy-momentum tensor could differ from the one constructed from the
Noether theorem.
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Hence, we have shown the divergenceless of the Einstein tensor G,,,, and as consequence we

have that

ns

VG =0 = V,T" = 0. (2.2.32)

Let us now talk about the GR degrees of freedom. In GR the gravitational field is de-
scribed by the metric tensor g,,, which is a symmetric 4 x 4 tensor. This symmetry implies
that g,, has 10 independent components, since (4-(4+1))/2 = 10. However, not all of these
components correspond to physical DoFs. This is due to the diffeomorphism invariance,
which reflects the freedom to perform arbitrary smooth coordinate transformations. These
transformations depend on 4 arbitrary functions (one for each coordinate), which removes
4 DoFs associated with gauge redundancy. Additionally, we can impose 4 gauge-fixing con-
ditions by choosing a specific coordinate system, which eliminates another 4 components.

Therefore, the number of true physical (dynamical) DoFs is
10 (components of g,,) — 4 (gauge freedom) — 4 (gauge fixing) = 2.

These two remaining degrees of freedom correspond to the two polarization modes of
gravitational waves: the “plus” (+) and “cross” (x) modes.
In the context of quantum field theory, this result is consistent with the properties of a mass-
less spin-2 particle — the graviton — which also has two polarization states in four-dimensional

spacetime.

At this point, it is important to make a fundamental observation: GR cannot be consid-

ered a gauge theory.
In theoretical physics, the term gauge theory can be understood in two distinct ways. In a
broad sense, it refers to the presence of internal symmetries or redundancies in a physical
theory — symmetries that do not affect observable quantities. For instance, in electromag-
netism, the gauge freedom in the vector potential A, — A, + J,x leaves the physical fields
unchanged.

However, in the more rigorous and geometrical formulation used in modern particle
physics, a gauge theory is described in terms of fiber bundles, where a connection 1-form w
defines a covariant derivative D, and the field strength is given by 2 = Dw, representing
the curvature of the bundle (see Sec.(1.9)). These gauge theories, such as those based on
the groups SU(2), SU(3), and U(1), form the backbone of the Standard Model. GR, on the

other hand, is not a gauge theory in this strict sense. Although it possesses diffeomorphism
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invariance (coordinate freedom) and can be reformulated using geometrical tools reminis-
cent of gauge theory (e.g. in the tetrad formalism), its symmetries are not internal but are
instead related to the structure of spacetime itself. Another fundamental difference between
the tetrad formalism and gauge theory lies in the nature of their internal spaces. In gauge
theories, the internal space is independent of the base manifold, typically representing an
abstract internal symmetry group.

In contrast, in Riemannian (or Lorentzian) geometry, the tetrad formalism introduces an
internal Minkowski space at each point that is canonically identified with the tangent space
of the manifold. Through the tetrad field, this internal space is intrinsically linked to the
geometry of spacetime, so that once the manifold and its metric structure are specified, the
associated tangent space structures are naturally determined.

Thus, the internal freedoms in GR cannot be expressed through a fiber bundle structure
with a gauge connection and curvature in the same way as in particle physics.

The key distinctions from gauge theory are outlined below [16]:

- In gauge theories, the fundamental field — used for defining variations — is a connection

or gauge potential. In contrast, in GR, this role is played by the metric tensor.

- While GR does involve a connection (the Levi-Civita connection), it is not treated as
a fundamental variable. Once a metric is specified, the connection is uniquely deter-
mined. Furthermore, the Levi-Civita connection is not a true gravitational variable in
the classical field sense, nor is it a genuine gravitational connection, as it encodes both

gravitational and inertial effects.

- Gauge theory Lagrangians are typically quadratic in curvature (e.g., in QED we have
the term —1F,, F'*; see later (4.3.44)) . By contrast, the EH Lagrangian of GR is

linear in the curvature scalar.

- There is no scalar quantity in GR that can be constructed solely from the metric and
its first derivatives. The EH Lagrangian, in fact, depends on the second derivatives of

the metric, in addition to the metric and its first derivative.

- In gauge theories, interactions manifest as forces. In GR, however, gravitation appears

as a geometric phenomenon — there is no gravitational force in the traditional sense.

We will see in Chap.(4) how we can formulate a gauge theory of gravity.
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Chapter 3

Metric-Affine theories of Gravity

To introduce this argument, we start with the following question:
Which connection do we choose on a given manifold?

In general, given a differential structure on the manifold, there are different covariant deriva-
tives, and none of these stand out in particular.

In fact, it is possible to introduce a connection without defining a metric. However, if a
metric g is already given, then there exists a natural choice for the connection V: the Levi-
Civita connection. As we saw in Chap.(2), this is precisely the case in General Relativity,
where the geometry of spacetime is entirely determined by the metric. The metric not only
defines distances, but also determines parallel transport through the Levi-Civita connection,
which is a connection completely specified by the ten components of the metric tensor (and
its derivatives) (cfr eq.(1.6.4)):

. 1
[ = { Hp’/ } N §gp)\ (a“g)"/ + O gur — aAgW) (3.0.1)

Moreover, we saw that Levi-Civita connection is torsion-less and metric compatible,
thus the gravitational field is only described by curvature.

However, we can investigate other possible ways in which the gravity can be geometrized,
and a first extension of the General Relativity starts by generalizing the affine connection,
which can be different from the Levi-Civita’s, giving rise to metric-affine theories.

A metric-affine theory is a triplet {M, g,,,,I'*,,, }, where (M, g,,) is a Lorentzian man-
ifold (see Def.(1.5.1)), while I'”,, is the affine connection, endowed with 64 independent
components. ¢, and I'”,,, are now completely independent'.

Dealing with a metric-affine theory means that the tensors defined previously in Sec.(1.7),

'This holds if we do not consider the Equivalence principle as founding hypothesis. (see Chap.(2))
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i.e. the Curvature tensor R*,,,, the tosion tensor 7%,, and the non-metricity tensor @,
are non-zero a priori. In addition to the curvature of spacetime, the presence of the other
two tensors introduces unusual effects on its geometry. These effects can be understood by

visualizing how the parallel transport of a vector on a manifold is influenced.

- Curvature reveals itself when a vector is parallel transported around a closed loop in a
non-flat space, returning to its starting point with a different orientation than it began:
(Fig.(3.1A))

- Torsion implies a rotational geometry in which the parallel transport of two vectors
becomes antisymmetric when the vectors and the direction of transport are exchanged.

This leads to the failure of parallelograms to close: (Fig.(3.1B))

- Non-metricity is responsible for variations in vector length during parallel transport:
(Fig.(3.1C))

FIGURE 3.1: Geometrical representation of Curvature (A), Torsion (B) and Non-
metricity (C), respectively. Figure credits [13].

3.1 Generalized affine connection

Due to the introduction of the torsion and non-metricity tensors, the connection on the
manifold cannot be the Leci-Civita’s (3.0.1) as before. From the fact that @, = Vg, # 0,

we can build an equation usign @, and the other two combinations, @,,, and Q. [20][21]:

Qupp + Quup — Qo = Voo + ViuGup — VG,
___> Vpg,uu - vllgpp, - v#gyp + Qypy, + Q#yp - Qp,ul/ - 0 (311)
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Substituting the covariant derivative of the metric, i.e.

vpguu = apguu - FApug)\u - FApygu)\, (312)

in eq.(3.1.1), it follows that

apg;w - 8ugup - &/gpu - FApug)\V - FApVguA + FAuugAp

A~~~

Using eq.(1.7.2), i.e. T*,, =T"*,,—T*,,, on the underlined terms and adding and subtracting

a FAng,\ term, we obtain

apg;ux - 8ugup - 81/gpu + gu)\TAup + g)\uT)\Vp + 9xrp (F)\uy + F)\yu)
+ F)\,uugp)\ - F)\uugp)\ - Qp/u/ + Qypu + QMVP =0. (314)

With the same passages, we obtain finally

29;})\1—‘)\“1/ + apg;w - augup - augpu + .gu)\T)\,up + .g)\uT)\up + gp)\TAu,u - Qp,uu + Qup,u + Quz/p = 0.
(3.1.5)

Contracting eq.(3.1.5) with ¢g**, a general connection acquires the following form;

o 1 1 (0% (0% (0% 1 (0% (0% (0%
I = 5(8pgw — Oulvp — avgpu) - §(Tw + T+ 1%, ) + §(Q w — Qu —Qy M)'
_Toz;“/ Quav
(3.1.6)
Hence, a general connection I'f, admits the following decomposition.

Fp[ju = ]-_‘p'uy + Kpp,y + Lpuy 9 (317)

where K7, is the Contortion tensor and L, the Disformation tensor, defined as
K?, = L T, +T,,—1T" 3.1.8
MV'_§(MV+ v w/)a ()

Lp;w = %(me/ - Q,upz/ - Qup,u)- (319)
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The contortion tensor is antisymmetric under the interchange of the first and third index,

namely
K*,, =-K,", (3.1.10)
while the disformation tensor is symmetric under the interchange of the last two indeces:
L, =1L",,. (3.1.11)

From this, we can write the covariant derivative of a generic (1, 1)-tensor:

VMAaﬁ = 8MAO[/3 — FpﬁluAap + Fap'uApg. (3112)

3.2 Hypermomentum, canonical and metrical

energy-momentum tensor

In MAG theories, the action S is a functional of the metric g, the generalised affine connection

I' and a class of matter fields ¢,, namely

Slg, T, ¢] = Sylg, Tl + Swlg, T, @], (3.2.1)
where
04
S)9.T) = 1y [ 'ov=9L 0., (3.2.2)
Sulg: 0] = [ ey =gL0.7.0 (3.23)

represent the gravitational and the matter sector, repsectively. Making use of the matter

action, it is possible to define the canonical energy-momentum tensor

oL,

S, =
OV 0"

V0" — 6", Lo, (3.2.4)
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and the (metrical) energy-momentum tensor

2 0Sm 2 6(V=gLm) (3.2.5)

S = — - )
Y Vgegt V=g g

which is symmetric.
From the coupling between the connection and the matter naturally arises the hypermo-

mentum tensor|22|, defined as

Hw = 2 O5m 2_v=9Lm) (3.2.6)

T J—goTe,, /=g oT9,,

In the context of MAG, in which we have a non-Riemann geometry, the hypermomentum

generalizes the usual energy-momentum tensor. In fact, just as the stress-energy tensor in
GR describes the density and flux of energy and momentum and couples to the metric, the
hypermomentum represents the density of internal currents associated with the microstruc-
ture of spacetime (or of a continuous medium) and couples to the affine connection. Formally,

the hypermomentum density can be decomposed as [23|
hypermomentum density = spin current & dilation current @ shear current.

Physically, this means that:

- the spin current corresponds to spacetime torsion;

- the dilation current corresponds to the wvolumetric part of nonmetricity (changes of

scale);

- the shear current corresponds to the deviatoric part of nonmetricity (shape distortions).

3.3 Metric-Affine subclasses

So far we have seen that the most general metric-affine theory is defined by a Lorentzian
manifold endowed with a general affine connection and the presence of all the tensorial effects
given by curvature, torsion and non-metricity. By demanding that certain of these tensorial
quantities vanish, we retrieve different subclasses of the general metric-affine structure. We

willl list the principal cases below?:

2We will refer to objects related to general affine connection by denoting them without any overscripts.
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- R',,; = 0. In the case of vanishing curvature, the connection is said to be flat. If both
torsion and non-metricity are present, we are in the case of the (general) teleparallel

geometry.

- T#,, = 0. If the torsion is zero, the connection is said to be symmetric, since I'*,,) = 0.

This is the case of Weyl geometry.

- Quvp = 0. If the non-metricity venishes, the connection is said to be metric-compatible,

and gives rise to the Riemann-Cartan geometry.

- Rty = 0,Qu, = 0. If only torsion is non-vanishing, we obtain the case of metric

teleparallel geometry, or torsional geometry.

- Ry = 0,T%,, = 0. If only non-metricity is present, we obtain the symmetric

teleparallel geometry.

- T",, =0,Qu, = 0. This is the case the Riemann geometry, which describes General
Relativity and its enxtensions. In this scenario we have theories with symmetric and

metric-compatible connection, which is the Levi-Civita’s.

- Rty = 0,TH,, = 0,Qu, = 0. If all tensorial quantities are zero, the metric is

contrained to be flat, and we are in the case of Minkowski geometry.
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Qo ~
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AN TKL
e —0 SYMMETRIC

Qpp,u =0
TELEPARALLEL \\‘ MINKOWSKI
17, =0
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@, _9
Plr ~ 0 ?J’ o0
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——

RIEMANN- TP =
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From now on, in addition to the over-circled notation, we will refer to quantities build
up on the Levi-Civita connection, (e.g. fol“l,), over-hats denote quantities related to the
teleparallel connection, (e.g. A“l,), and over-diamonds denote quantities involving non-

<
metricity, (e.g. A*,).
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3.4 Dynamics equivalence

Among all these metric-affine subclasses, the Riemann and Teleparallel ones are particularly
relevant. As said before, GR is an example of Riemann theory and is the simplest formulation
of gravity which is mediated by the curvature, entirely determined by the metric tensor.
Nevertheless, gravity can also be formulated within alternative geometric frameworks, such
as a pure torsion space—leading to the Teleparallel Equivalent of General Relativity (TEGR)
—or a pure non-metric space, which gives rise to the Symmetric Teleparallel Equivalent of
General Relativity (STEGR). In TEGR, torsion takes over the role of curvature in describing
gravitational dynamics, offering an equivalent but conceptually distinct perspective from
General Relativity. While GR models gravity through spacetime curvature and identifies
geodesics with the trajectories of freely falling particles, TEGR interprets gravity as a gauge
force arising from the torsion tensor.
Similarly, STEGR adopts a different geometric approach: both curvature and torsion are set
to zero, and the gravitational dynamics are instead governed by the non-metricity tensor.
Despite the differences in formulation, STEGR retains several features analogous to TEGR.
These three theories consitute the so-called Geometric Trinity of Gravity, because, as we
will see, they are dynamically equivalent.

GR is formulated in terms of the spacetime metric g,,. In contrast, TEGR uses tetrads

AB which encodes

e, to describe the dynamics of gravity, along with a spin connection w
inertial effects through a flat connection. STEGR, on the other hand, follows the Palatini
approach, treating the metric g, and the affine connection I'“,,, as independent dynamical
entities. Similar to other fundamental interactions in nature, gravity can be reformulated as

a gauge theory within both the TEGR and STEGR frameworks.

3.4.1 Autoparallels in the Teleparallel framework

We have seen that in GR (see Sec.(2.1)), geodesics and autoparallel curves coincide because
the connection is the Levi-Civita. In Metric-Affine theories — and to be precise in the TG
and STG formualtion of Gravity — the autoparallel curves are not the same as the geodesics,
which means that they are not the extremal curves of the functional length. Hence, in a
local chart where z# are the coordinates of v()), the affinely parametrized autoparallels are
defined by

d?z” , da*da”

FIJ_ =Y
E U TP

(3.4.1)
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where this time the connection is the generalized one, namely I'?,, = IO")W + K%, + L.

Hence, eq.(3.4.1) becomes

A%z . datdz”
re vV N = —(K* v Lr v
d)\2 + K d)\ d)\ ( o + a2 )

dx* dz¥

ot (3.4.2)

Note that this is the general equation for autoparallels in the Teleparallel framework. If we
specify it to the case of metric TG, then L”,, = 0, while if we are considering STG, then
K?,, =0.
The autoaparallel equation (3.4.2) of a general TG theory reveal a different perspective on
GR, no longer viewed solely through the geometric framework of minimal distance paths
(geodesics), but instead through a gauge fomulation. Here, the usual geodesic equation is
recast into a Lorentz-like force equation®, where the right-hand side includes a force term
involving the contortion tensor, which drives the motion of test particles. This recasting does
not alter the physical trajectories — both the geometric and gauge formulations yield the same
solutions — but it shifts the interpretation: rather than geometry passively determining the
motion of test particles, they are actively influenced by force-like contributions. Specifically,
the contortion tensor K7, acts analogously to a Lorentz force, while the disformation tensor
L?,, contributes a kinetic energy-like effect. This perspective enriches our understanding of
GR by emphasizing its dynamical structure, similar to gauge theories in other fundamental
interactions.

It is important to note that autoparallels in Teleparallel Gravity are sensitive to parameter

changes. Let us start with a curve v(\) which satisfies the autoparallel equation

d2~* d~* dv”
I, — =0. 4.
e Ty =0 (3.4.3)
Now, we change the parameter of the curve, namely
A= \(7). (3.4.4)

3If a particle has rest mass m and charge ¢ and it is placed in an electromagnetic field described by the

Faraday tensor F),,, it satisfies the Lorentz force equation, namely u®V u* = LFH u".
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Hence, the trajectory in the spacetime is the same as before, but now it is described by the

new parameter 7. Let us compute the first and second derivative:

dfy“ dA d’y“
3.4.5
dr  dr A\’ ( )
A2y dEAdy did fdy*y A2\ dy# %@d%“
dr2  dr2 dA  drdr\d\ /)  dr2d\x  drdr dA?
R N N
— . 4.
T <d7> 2 (3:4.6)
If we substitute the second term of the second derivative with the autoparallel equation, we
obtain
2 2 2 v
Py A0 b 4
dr? dr? dA dr AN dA
We want all the terms to depend explicitly on 7, thus we substitute in eq.(3.4.7)
d~# B dr dy*
D dvdr (3:48)

and make use of the following manipulation:

A d 1)1 ddry 1 dadirfda (3.4.9)
dr2 dr\§5/)  (&)Pdr\dh/  (dr)Pdrdar \dr/) dA o
dA dX

It follows that

B (D, (0 g&gzﬂ
d7'2 AN dr AN dr dr d 24\ dr’

E o dpdr (e
dr2 P dr dr dr /) d)\2 dr

(3.4.10)

Eq.(3.4.10) tells us that a non-linear change of parametrization, i.e. 7 # aA+b with a,b € R,
introduces an extra term in the autoparallel equation. This additional term breaks the
autoparallelism of the curve, leading to a curve — parametrized in the new 7 — not autoparallel
anymore. This equations quantifies how much the autoparallelism is broken through a term

proportional to the second derivative of the change of parametrization.
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Furthermore, it is important to note that if we impose the Weitzenbock gauge in TEGR
(see later eq.(4.3.9)) and the coincident gauge in STEGR (see later eq. (5.2.8)), we reduce

to ‘ﬁ%; = (0, meaning that we are in a LIF.
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Chapter 4

A possible gauge formulation of Gravity:

the Teleparallel Gravity

We now have all the ingredients that form the basis of the theories we want to discuss. In
fact, we can provide a gauge formulation of gravity via the Teleparallel Gravity Theory. In
this chapter, we will show that this theory can be seen as a translational gauge theory, and
then we will analyze two subclasses of this theory, the Metric Teleparallel Gravity and the
Symmetric Teleparallel Gravity, which lead to the TEGR and STEGR.

4.1 Gauge structure

In many theories of physics, the observable quantities, which are the physical quantities
that can be measured, are represented by sections of fiber bundles over some space, as the
spacetime. We have seen in Chap.(1) that a fiber bundle together with a continuous group
action of a Lie Group give rise to a principal fiber bundle and once a representation of the
group is chosen, then we can deal with the associated bundle. Hence, the associated bundle
is obtained by replacing the group by one of its linear representations. The elements of a
principal bundle can be thought of as generalized frames for the original fiber bundle. Each
point of the principal bundle specifies a choice of reference that allows us to convert the
intrinsic, coordinate-free description given by a section of the fiber bundle into a concrete
representation that we can observe or compute with.
In physics, the generalised frames are called gauges, the structure group of the principal
bundle is the gauge group, while the automorphism of the principal bundle that fixes the
base is called gauge transformation.

If we consider a vector bundle, the choice of a gauge, that is a local frame of the fiber,

allows us to express a section in terms of its components in that frame. As a physical
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example, we can look at electromagnetism: fixing a gauge corresponds to choosing a local 1-
form A, that represents the electromagnetic potential in that frame. Different gauge choices
correspond to different potentials related by A, — A, + 0, A, while the field strength F},,
remains invariant.

Hence, we call gauge theory a field theory formulated as the geometry of a principal
bundle with Lie group, equipped with a connection (the gauge potential), whose dynamics
is determined by an action invariant under local gauge transformations, which are automor-

phisms of the principal bundle that fix the base manifold and act through the group.

Now, we focus on our theory of interest. Teleparallel Gravity (TG) can be interpreted
as a gauge theory of translations [16]. Why translations? We can understand it by invoking
the Noether’s theorem and recalling that the source of the gravitational field is energy and
momentum. In fact, Noether theorem tells us that the energy-momentum current is covari-
antly conserved once it is ensured that the source Lagrangian is invariant under spacetime
translations. If gravitation is represented by a gauge formulation with energy-momentum as
the source, then it must be a gauge theory for the translation group.

We want to stress that the conservation of the energy-momentum tensor under spacetime
translations does not automatically imply that the theory is a gauge theory for translations.
In fact such theory requires the promotion of that (global) symmetry to a local symmetry
and the introduction of a gauge field associated to the translational group, which is exactly
what we will do in Teleparallel Gravity. For example, QED and Yang-Mills theory are both
invariant under global translations, but their gauge structures do not concern the group of

translations because this symmetry is not promoted to a local symmetry: QED has
i) 1
Y — Y, A, — A, — —0,0(x)
€

as local gauge symmetry transformation, which is based on U(1) group. On the other hand,

in Yang-Mills we have
Ay — U(@)AU(2)™" + U(2)9,U (2) 7,

where U(x) is an element of the local symmetry gauge group, such as SU(2) or SU(3).
The main difference with TG is that here we want to construct a gauge theory for the

spacetime itself, not for an internal symmetry group. Hence, the promotion of this symmetry
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to its local version leads to a gauge field for translations, i.e. the tedrad!. This is the only

method to obtain a gauge field with energy-momentum as source.

4.1.1 Geometrical setting

The geometrical setting of Teleparallel Gravity is the tangent bundle T'M of a four-dimensional
Lorentzian spacetime manifold (M, g). At each point p € M, the tangent space T,M is a
real four-dimensional vector space, which is locally identified with a Minkowski vector space
RS,

This identification is provided by the tetrad field e, which acts as a solder form between

spacetime and the internal Minkowski space. Pointwise, the tetrad defines an isomorphism
e (p) : T,M — R".

Greek indices label spacetime components, while Latin indices refer to components with
respect to a local orthonormal frame in the internal Minkowski space. Local gauge trans-
formations correspond to local Lorentz transformations acting on the internal indices, and
represent changes of local inertial frames rather than transformations of spacetime coordi-
nates.

Hence, the spacetime M plays the role of the base manifold, while the tangent spaces
T,M are the fibers. Via the tetrad field, each fiber is locally identified with an internal

Minkowski space, where the gauge transformations takes place.

4.1.2 Gauge invariance

The generators of such transformations form the translation Lie group 7%, and are differential

operators P, = 8%& = 0,. Translations commute, thus the satisfy the commutation relation

[0, O] = 0.

Let us define the gauge transformation as

¢ — 7% = 2% 4 *(at), (4.1.1)

! Actually, we will see that it is not really the tetrad itself, but the tetrad is constructed such that it
contains the true gauge potential.
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where €?(x*) is the infinitesimal transformation parameter. Transformation (4.1.1) can be

written in terms of the generators by means of an expansion:

= €"(z"). (4.1.2)

Let us talk about source fields. As it has been said in Chap.(1), fields are (local) sections of
a fiber bundle, thus it is a map that takes a point z# and gives an object W(z%(2*)) back,
which is the field?. Such field transforms under (4.1.1) according to the total variation

0 (2 (2")) = W(x(a") + " (2")) — W(2*(2"))
= (e (a")) + €(2") 0,V (" (")) — W (2 (2"))
= € (2") 0,V (z(z")). (4.1.3)

This gives the change of W at a fixed z* and at fixed spacetime point x*.
If the gauge is global, meaning that the parameter of the transformation does not depend
on the point of the spacetime, i.e. e* = constant, then there are no additional terms once

an ordinary derivative 0,V is performed, thus it trasforms covariantly:
0:(0,¥) = 0,(0:V) = 0, ("0, V) = €0,0, V. (4.1.4)

For a local transformation with parameter €*(z#), instead, the field 9,V does not trans-

form covariantly:

5e(0,0) = 0,(01) = 3, (e*(2")0,T) = €* ()00, T + (Due®(x"))0uV # € (2)9,0,,
(4.1.5)

where the additional derivative term, called sporious term, breaks the translational gauge
covariance of the tranformation. To restore the covariance, we will follow the standard
procedure of all the gauge theories, previously introduced in Chap.(1.10): we will introduce
a translational gauge potential B, which is a 1-form assuming values inthe Lie algebra of

the translational group, thus it can be written in terms of its generators:

B, = B*,0,. (4.1.6)

2x%(z") is a point on the fiber over z#
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This potential could be used to construct the gauge potential derivative, that is, using trivial
tetrads,

eV =0,V + B9,V = *,0,V | (4.1.7)

which holds in the class of Lorentz inertial frames in which there are no inertial effects.
To make the covariant derivative transform covariantly, we require that the gauge potential

transforms in such a way that cancels the sporious term out:

5.B%, = —0,e(z") ], (4.1.8)

. , : .
In this way, e,V transforms covariantly under gauge translations:

0c(€, V)

0:(0,¥ + B,0,9)
0:(0,9) + 0.(B,0.V)  (using (4.1.7))
€*(2")0,0,V + (0, (2"))0, ¥ + 6.B°, 0.V + B°,0.0.V  (using (4.1.5))
(2")0,0,Y + (0, (1)) 0,V + 6.B°,0.V + B€,0.(¢*(2")0,¥)  (using (4.1.3))
()0
(2")0

€

afph

€

(000 + B,0.0) + (D, N0 — (0, NoT  (using (4.18))
XCAD (4.1.9)

af ok

e

Since teleparallel gravity is constructed using tetrad fields, which provide a relationship be-
tween space (internal) tensors and spacetime (external) tensors, the gauge covariant deriva-

tive can be written in terms of a general non-trivial tetrad e,:

e,V = 0,20,V + B*,e",0,V = e",0,V |, (4.1.10)

where
e, = 0,2+ B, (4.1.11)

is the non-trivial tetrad, meaning that B%, # 0J,e%(z*), otherwise it would be just a trans-
lational gauge transformation of the trivial tetrad e®, = d,2°.
This formalism is replicable in a general Lorentz frame and can be obtained by performing

a local Lorentz transformation (1.16.1) on the gauge potential B, assuming that the latter
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transforms as a Lorentz vector in the algebraic index:
B, — A% (x)B",. (4.1.12)

Thus, the covariant derivative (4.1.7) admits the following generalization:

[0,(A%2”) + A% B° JA,0.¥
[(0,A%)2" + A0, 2" + A% B° JA,0.¥
= (0,A%) 2PN, 0.V + A0, 2N, 0.V + A%, Bb A, 0.V
= A, 0,A2"0.V + 0,2°0.Y + B°,0,V¥
= (9,2 + &% + B%,) 0,7, (4.1.13)

e, U 5 e, U = (A%e”,) (A0, D)

where W%, is the purely inertial connection (1.16.6), 0%, = A%(x)9,A% ().

e, U = ¢%,0,0 = (9,2° + &%,2° + B%,)0,V |, (4.1.14)

where the tetrad components are now

e, = 0,1% + W%’ + B, (4.1.15)

As we see, the tetrad components contain the trivial tetrad (1.16.5), i.e. e*, = f)#x“—i-aojguxb =

D,z%, hence they can be rewritten as
e, =D,z" + B*,. (4.1.16)

This means that for general non-trivial tetrads, the gauge transformation of B*, (4.1.8) has

to be upgraded to

0B, = =D, e (z")|. (4.1.17)

Note that in the class of frames in which the inertial spin connection ctzabu vanishes, it assumes
the form (4.1.8).
We can summarize what we have done with the following diagram and formulating the

gravitational coupling prescription in Teleparallel Gravity.



4.2. Gravitational coupling prescription 7

e,V = 0,9 + B0, = ¢*,0,%

N = 0B, = —,c(at)
a
L ke o8
. \;\‘a\ PG
ea -“C‘_‘.\a\‘{s
2 ¥
e
101¢

0¢(0,¥) transforms non-covariantly Translational coupling prescription:

. /
under local gauge transformations ey —r ety

e,V = (Opr® + t:)“b”xb +
B%)0,¥ = €%,0,¥
o

= 6.B% = —D,e(a")

Tam e,

General Lorentz frames

ey ¥ = (02 + B®,)0,V = *,0,¥

local transformation A(x)

4.2 Gravitational coupling prescription

We want to interpret the transformations of the gauge potential made in the previous section
as a gravitational coupling prescription for a Teleparallel Gravity theory. To do so, we have

to take into account the following two coupling prescriptions:

4.2.1 Translational coupling prescription

The translational coupling prescription, ie. €%, — e%,, allows us to switch gravita-
tional effects on, retrieving the covariant derivative in a non-trivial tetrad (see eq.(4.1.10)).
The translational coupling prescription naturally leads to the promotion of the spacetime
Minkowski metric to a general Riemannian metric, which is the so-called gravitational cou-

pling prescription:

M = Nab€"4€"y — G = Nab€*€"- (4.2.1)

It is important to note that in General Relativity this replacement is implicitly assumed
whenever we apply the gravitational coupling prescription. Instead, in Teleparallel Gravity,

it is a consequence of the translational coupling prescription application.

4.2.2 Lorentz coupling prescription

Since Lorentz invariance is a fundamental symmetry of nature, Teleparallel Gravity must also
be invariant under local Lorentz transformations. This requirement introduces the so-called
Lorentz coupling prescription, which arises naturally as a consequence of the Strong Equiva-
lence Principle (see Chap.(2)) and provides an additional correction term in the derivative.

In fact, this prescription ultimately stems from the General Covariance Principle (GCP),
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which can be interpreted as the active version of the Strong Equivalence Principle. It states
that any equation valid in a gravitational field must reduce locally — that is, at a point or
along a geodesic — to its special-relativistic counterpart.

The first step to obatin the Lorentz coupling prescription is to move to a general an-
holonomic frame. Let us consider a vector field ® in special relativity, i.e. in Minkowsi

spacetime. In the trivial holonomic frame,
e, = 0,0, = €, P =4,/'0,P". (4.2.2)
Under a local Lorentz transformation,
P — ¢ = AP, (4.2.3)
then we have that

e, " = 6,10,(As D7)
= AP, AP + A% (9N °) DY
= AP A O, ®% + AP, A COE D (inverting eq.(1.16.6))
= AP A0, D0 + AP A%, P (renaming d < e)
= AP A8 (0D + 0% D)

= A’ A (0,2 + %( b+ e — f4)Sp®T),  (using eq.(1.16.12)) (4.2.4)

where we write the field in terms of the vector representation of the Lorentz generators.
For a scalar field ¥, making use of the GCP, perform a local Lorentz transformation,

such that all derivatives 9, ¥ assume the Lorentz covariant form, as done before for ®:

oV — D,V =0, + %e’“u( 1 il — fu) SV, (4.2.5)
where f¢,, are now the anholonomy coefficients of the trivial tetrad in the Minkowski space-
time and S.” are the Lorentz generators in the same representation to which ¥ belongs. The
second term is the one which mantains the local Lorentz covariance of the derivative in the
new inertial frame.

Now, in the presence of gravitation, according to the translational coupling prescription

e'*, — €%, the trivial tedrad of eq.(4.2.5) is substituted for a non-trivial one e?,, and we
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obtain the final gravitational coupling prescription for Teleparallel Gravity:

1
0,V — D,V =0, + 5e“u( foe 4 fa% — fab)SW (4.2.6)

with anholonomy coefficients (1.9.10)
feab = ed'er”(0,ey — 0,efy). (4.2.7)

We can then compare the gravitational coupling prescription of TG and GR as follows:

TG

la a _

GR

Nuv — Guv

\4

0, — D,

4.3 Metric Teleparallel Gravity

We want now to explore the specific case in which the theory has R*,,, = @, = 0. This
means that the theory is metric-compatible and the torsion is the only geometrical object
that describes the gravitational dynamics. It is also called Torsional Teleparallel Gravity, or
simply Teleparallel Gravity (TG).

We have seen that this theory is a gauge-translational formulation of gravity, and as in
any gauge theory, the field strength of the (Metric) Teleparallel Gravity can be obtained from
the commutation relation of gauge covariant derivatives. Using the translational covariant
derivative (4.1.14), e, ¥ = (0, + 0,22, + B®,0,)¥ we have

~

e ev] = T 0a, (4.3.1)
where
7., = 8,8 — 8,B%, + &%, B, — &%, B", = D,B% — D,B",, (4.3.2)

is the translational field strength. We can add the term

D,.,D, )2 = D, (Dya®) — D,(D,a®) = 0 (4.3.3)

1y
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and then rewrite eq.(4.3.2) as
uw =Dye", —Dye?, = 0., — 0, + J)“buebu — Jjabyebu. (4.3.4)

Moreover, through a contraction with a tetrad, we can retrieve the usual form of the torsion
(1.7.2):

~

P _ , pga
T,ul/_eaT/uz

= e, 0", — e, 0,e", + ea”&“bueb,, - eap(:)“byebu (4.3.5)
= Fp,ul/ - sz/;n (436)

where
Fpl//l, - eapalu,eay + eapC:jablu,eby (437)

is the Weitzenbock connection, which is the non-trivial spacetime-indexed connection corre-

sponding to the inertial spin conncection u.)“b#. It can also be written in the form
e, + e’ — 17, = 0. (4.3.8)

In the class of frames in which the pure inertial spin connection J}“b# vanishes, the Weitzen-

bock connection reduces to
oue’, — I, e, =0, (4.3.9)
giving rise to the Weitzenbick gauge. In this gauge, torsion (4.3.5) assumes the form
pr = e, 0", — e,”0,e,. (4.3.10)

As we said in Sec.(1.9), the spin connection is linked to the inertial effects present in the tetrad
frame, and it is covariant under both diffeomorphism and local Lorentz transformation.
Thus, since the torsion is written in terms of spin connection, then it inherits the same

properties.
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4.3.1 Gravitation coupling prescription in (metric) Teleparallel Grav-
ity
A straightforward consequence of the non-vanishing torsion is that it is possible to rewrite

the anholonomy coefficients (4.2.7) using spin connections. From eq.(4.3.4),

A

T, + &"el, — e, = 0,e%, — D, (4.3.11)

and than we have

~

fab = €'y (0, — 0,ef)) = egt'ey (1), — ctzcdl,edu + c:)cdued,,), (4.3.12)

which can be written as

Foab — T = 00 — WCa| (4.3.13)

This equation is remarkable because it exploits the form of the anholonomy coefficients in

presence of torsion (cf. eq.(1.16.10), f€up = W% — cfjcab). This expression can be recasted as

follows:
1 c c c ®c S
5o et s = [ ba) = Wha + K%, (4.3.14)
where
c L - c ™ c e
K%, = §(Tb o+ 1, b_Tba)- (4315)

Thus, since the coupling prescription found previously was (4.2.6)
1 a a C C
0u¥ — Dy = Oy + 5" (fe + fuas = f ab) S, (4.3.16)

it can be further developed as

1. A
0V — D = Oy + (W + K€,) S W |. (4.3.17)
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In GR, the spin connection takes the form of the full expression of the coefficients of the

anholonomy in eq.(4.3.14) as

°ocC 1 C C C
Wogp = §(fb at+ [ — [ a), (4.3.18)

which is the Levi-Civita (torsionless) spin connection and results, thanks to the fundamental

identity of the Lorentz connection [13|[17], in

° A

wcb“ — KCbM == (f:)cb“ s (4319)

where GR and TG are joined together. Since the gravitational coupling prescription for GR

1S
1
0,V — D,V =9,V + Edfbﬂscb\p, (4.3.20)

the gravitational coupling prescription for TG is found to be equivalent of GR’s one. Since
both prescription were obtained from the general covariance principle, both are consistent
with the Strong Equivalence Principle.

It is important to note that the GR spin connection w®,, provides both gravitational and
inertial effects. Instead in TG, J’cbu describes only the inertial effects, i.e. those depending
on the choice of the frame, while K %y takes into account the gravitation effect, which is
frame independent. In this view, the (Strong) Equivalence Principle acquires a deeper and
more tangible interpretation: unlike in GR, TG allows a clear separation between inertial
and gravitational effects, thereby clarifying their physical roles and operational meaning.

Furthermore, in a local frame in which the GR spin connection vanishes, i.e. w%, = 0,
eq.(4.3.19) becomes

° ~

wcbu = Kclm, (4321)

which states that in this local frame the inertial effects are compensating those of gravitation.

Another remarkable property of eq.(4.3.19) is that, although the purely inertial spin
connection c:)“(m is more general than the GR spin connection, the difference between w
and the contortion tensor K is equivalent to the GR spin connection. This means that
the gravitational coupling prescription (4.3.17) does not introduce any additional degrees of
freedom in relation to GR. This description is then consistent with those in which the source

is the ten-components symmetric energy-momentum tensor.
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4.3.2 Tetrad and its associated spin connection

Let us start recalling that in GR the fundamental dynamical object is the metric tensor g,,,
while in TG the metric becomes a derived quantity, and its role is taken over by the tetrad
e?, and the spin connection w,,, which serve as the fundamental variables. Thus, tetrad
e?, is associated with an inertial spin connection JJ“bH that describes the inertial effects in
such a frame, providing the pair {e“M,JJ“bM}. We know that there is a class of frames, the
proper frames, in which the spin connection vanishes, i.e. {e%,,0}. A general class of frames
is obtained by a local Lorentz transformation on the proper frames, thus we have an infinity
of {e®,, W%, } pairs with non-vanishing spin connection.

We now wonder how we can associate to a tetrad its spin connection. The method we
will propose is based on determining the inertial effects present in the frame e, and then
determining the spin connection that compensates for those effects [24].

a

Let us start defining the reference tetrad, e as a tetrad in which gravity is switched off:

(rw
€l = Cl;m%) ey (4.3.22)
—>

In a reference tetrad, the gravitational potential B%, does not appear and it can be written
as (see eq.(4.1.15))

el = 07" + 0"y, (4.3.23)

A reference tetrad reduces to a trivial tetrad, since with zero gravity the space becomes flat

and we have (1.9.6), and the torsion tensor associated with that spin connection vanishes:

A

T (€00 @) = 0. (4.3.24)

Hence, using eq.(4.3.13), it follows that

- [ )

T e (€0 @ 5) = @%b — Wbe — Fpe(€(ry) = 0, (4.3.25)
and following the same procedure as for (1.16.12), we obtain

a 1 a (,a a (,a a a
Wbe = 5 fb c(e(r)”) + fc b<€(r),u) - f bc(e(r),u) ) (4326)

which is the inertial spin connection naturally associated to the reference tetrad e‘(’T) Now,

L
since the reference tetrad €l and the usual tetrad e?, only differ by their gravitational
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content because the inertial one is the same, then the inertial spin connection (4.3.26) is the

same inertial spin connection naturally associated with the usual tetrad e®,.

4.3.3 Teleparallel Equivalent of General Relativity (TEGR)

We want now show that (Metric) Teleparallel Gravity (TG) with a particular Lagrangian
is dynamically equivalent to that of GR, providing the so-called Teleparallel Equivalent of
General Relativity. The main focus of this section is therefore finding the Ricci scalar in TG
setting, since we know its role in the GR action is central (see Sec.(2.2)).

We have seen that the generalized affine connection admits the following decomposition
(3.1.7)

T, =1, + K%, + L%, (4.3.27)

It is fundamental to recall the expression of the curvature tensor (1.7.4) in terms of the

generalized affine connection:
R® g = R4, + YV, D%5 — V,D%5 + D%,5D% 1y — D% ,5D%,, (4.3.28)
with
D%, = K%, +L%,. (4.3.29)

In the case of Torsional TG the curvature vanishes, then L?,, = 0. Hence, in this setting

the TG affine connection is

A

0o, =1, + K%, |, (4.3.30)

while the curvature tensor (4.3.28) becomes
R = R + VK5 =V, K5+ K73 Ky — K7 5K,y = 0, (4.3.31)

where the vanishing property of the curvture of TG has been imposed. To obtain the Ricci
scalar, we have to contract the first with the third index, namely Rg, = R%g4., and then

contract the remaining indeces with the metric, R = ¢? Rg,. It follows that

R+ V,K"™, - V,K" + K, K", — K°,,K", = 0. (4.3.32)
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It is possible to manipulate the terms of this equation:
VK", —V,K," =V, (K", - K,"")
=2V, K",  (using (3.1.10): K*,, = —K,,”)
S N ~ ~
=2V [E(TW” + 1", +T,")]  (using (3.1.8))
o 1 - o~
= 2Vu(§2T,,‘“’) =2V, 1", (4.3.33)
where Ty‘“’ = T* is called torsion tensor, while the first term T’“’V = 0 because the torsion

is antysimmetric (1.7.7) and contractions on antisymmetric indeces give zero. Then we have

the term
Ko R, = — R Ry 0 = T, (4.3.34)

because, as in the previous calculation, we have torsion terms with antisymmetric indeces
contracted. Finally, the last term, which instead does not show this type of contraction,

becomes:

KU;U/KHVU — KG“VKO'V;L

- ;l(TU/W + T/wu + Tyo‘u) (TUV“ —+ _|_TVUH + T;wzz)
1

— Z_l (TO_MVTUV.“‘ + TO_NVTVO'N + TUHVTIJUV + THO_VTUV/.L
+ TMUVT’VUM + TMUVTIMV + TVUMTUVM + TVUMTVUM + TVO_MTMO'V)
1, - N N N
= Z(T“’“’TQW + 210, TH). (4.3.35)

Using eqs.(4.3.33), (3.1.5) and (4.3.35) we can rewrite the Ricci scalar (4.3.32):

é = ( — TQ'LLVTQ”V - 2Taﬂy,j—1#ay) + TQTQ - 2%;1,72#7 (4336)

=] =

and calling torsion scalar the following term

A 1, A A A A A
T=7 (T Ty + 210, TH) =TT, (4.3.37)
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it follows that

R=-T-B| (4.3.38)
where
~ o~ 2 ~
B =2V, T"=—=0,(v/—gT"), (4.3.39)

N
is a boundary term.

We now recall the Einstein-Hilbert action of GR (see Sec.(2.2.1)),

C4

~ 167G

/ A/ =g (L + L) — 16?; . / A/ =g(R + L) (4.3.40)

SGr

where Lpg = R(g) is the Einstein-Hilbert Lagrangian.

It is straightforward to see that if we assume a metric Teleparallel Gravity, we can transform
the GR action into alternative formulations. Hence, up to a boundary term, which gives no
contributions because the boundary is fixed and the variation there vanishes, a particular

TG action assumes the form

A ct .
S =— d'zy/=g L d*er/=g L = /% T /& L,
(4.3.41)
in which the TEGR Lagrangian takes the following form:
Covon = 257 (4.3.42)
TEGR = Tp—mt" 3.

The action (4.3.41) is dynamically equivalent to that of GR, in the sense that they lead to

equivalent dynamics for the metric. At Lagrangian level:

€C4 ~
Qﬂmzﬁw—@<&ﬂT0. (4.3.43)

This specific case of TG is called TEGR. We remark that this equivalence is possible only

for a particular combination of coefficients of the action (4.3.41).



4.3. Metric Teleparallel Gravity 87

Let us analyze for a moment

cte 1, . A, "
‘CTEGR = 167G Z(T(XMVTOWV + 2Ta,u1/TMaV) - TaTa s (4344)

where we recall that 7%, = €,”T“,, and the form of the torsion in TG (4.3.4)
T, = 9ue®, — 0,e%, + %ue’y — %eb,. (4.3.45)

It has the usual form of any gauge theory Lagrangian, in which the first term is quadratic
in the torsion, being the field strength of the theory. The remaining two terms are due
to the fact that in TG we are dealing with the tetrad formalism, which allows us to have
a relation between internal indeces and external indeces. For this reason, we can have
additional contractions that otherwise cannot be allowed. Note also that the construction of
scalar objects starting from the torsion is possible because it is a tensorial quantity, hence
each term of the Lagrangian is invariant under both general coordinate and local Lorentz

transformations.

4.3.4 TEGR Field Equations

The Teleparallel gravitational field equations are obtained performing a variation of the

Lrrar with respect to the tetrad field e, namely

OLrEGR 5 OLrEGR

et~ gy =0 (4.3.46)
The related field equations are®
G = éaA(eSWA) - &£—4Gtuy =0, (4.3.47)
where CAJW is the TG Einstein tensor, while
g = _gun = BTG OLTEGR _ pow v o wijv (4.3.48)

“cle 9(d,e,)

3See Appendix A for a complete derivation.
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is the superpotential, and

C4o

R 1 .
AQ v c c o

o ST N — —e'L —— W St 4.3.49

e A 66 TEGR + 87rGw ( )

10Lrper
e Oe, - &G

£, =

is the energy-momentum (pseudo) tensor of the gravitational field*. Making use of eq.(4.3.47)

and (4.3.49) it is possible to write the field equations in an alternative form:

. 1 . A 1. o A 811G
G/u/ = _eaugupaa(esapa) - SbUVTbJu + §Tgw/ - ealtwbaUSbVU - 7T_4IMV ¥ (4350)
(& C

in which we have included the source matter term SZ—ESW.

The Noether theorem guarantees the existence of a conserved current for translations,

which is obviously the energy-mometum pseudotensor t,*. Hence, it follows that
ottt = 0. (4.3.51)

Hence, taking the partial derivative d,, on eq.(4.3.47) with a source term ¥, and using the

antisymmetry of the superpotential, we obtain
0,3 =0, (4.3.52)

which shows that the energy-momentum tensor is conserved under ordinary derivative, which

implies that the spacetime charges on hypersurfaces 2° = const (X):

Q" = / d*r e T (4.3.53)
P

are conserved.

4.3.4.1 Equivalence with GR field equations

Now we will show that TEGR field equations are equivalent to those of GR. To do that, we
will make use of the second Bianchi identity (1.7.11), namely

V)\Raﬁlw + VuRagy)\ + V,/Rag)\u = TpHARagyp + Tpl,)\Ragup + TPV#RQBAP. (4354)

4Tt is also possible to add a source term, namely GW = 824G T
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Since in TEGR curvature and non-metricity vanish and assuming the Weitzenbock gauge® |

we can rewrite it as
@)\Ragw, + ﬁ‘u‘Raﬁy)\ + @VRQB)\M =0, (4355)
where we recall the TG Riemann tensor (4.3.31)

R, = éaﬂﬁw +?HKQV5 B %Vf(auﬂ + KJVBKQMU - Kauﬁf(aw = —éaﬁ/w + léaﬁpw

:KO‘BHV
(4.3.56)
where ICQBW = —I@BO‘W and I@aﬁw = —l@o‘/gw. Thus, eq.(4.3.55) becomes
@/\éa[aw + @Méafg,,)\ + @,}]O%aw\u + @)\/@agw, + @”]Cag,,)\ + @,,]@ag/\u =0. (4.3.57)

By contracting a and A, raising the second index and eploting the properties of the Riemann

tensor, it follows that
V(R +KR,) — =V, (R+K) =0 (4.3.58)

where K#, = I@AMV and K = Kv,,. Eqgs.(4.3.58) implies that

o 1 o A ]_ P
R, — §gu,,R =K+ §gw,lC : (4.3.59)

which tells us that TEGR field equations are equivalent to GR field equations and, imposing

GR vacuum field equations,

. 1 .
K = 59K = 0| (4.3.60)

5We will see in Sec.(4.3.5) why this choice is always possible.
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Eqs.(4.3.60) are the TEGR field equations and they can be shown to be equivalent to
egs.(4.3.50), hence

A 1 A A~ A 1 A Y A
G = —€°1,91,0,(e5."7) — Sb",,wa + §Tgw, — e“uwbang,," =0
e

In order to show this, let us first rewrite I@W and the scalar K.

IC;J,V = ’Cauoa/ = ﬁakauu - %V[A(aua + kauukaoa - Kauakam/
= %akaw/ + %I/Ty - [A(UMVTU - [A(U,uaf(ao'y
= VoS + Vol — K%,50 (4.3.61)
where we have used the expression of the contortion tensor (3.1.8) K* yw = %(Tup,, +T,° u—

Tpm,) and the superpotential (4.3.48) Sy = =S = K, — e VT 4 e,MT" to retrieve the

following components:

-0 —T% 0
. 1,7 7= . .
Ko §(Tu ot 1%, =T /wc) = —T% =T},
e L. «a 2l Lo
K auzi(Ta ,LL+T/,L aoa—T a,u) :07
Ry = 5 4 e P — e T — o, = S 4 T — 50,1

Instead, the scalar K assumes the form

K= g‘“’/@,ﬂ, = %Oﬁ“au + ﬁaTAagWgW — }A(O‘U“S”a"u
— oV T+ T. (4.3.62)

We can now insert (4.3.61) and (4.3.62) into (4.3.60):

N o A A A 1 N A
VQSVQ[L + vaTag/j,ll - Kaa’ysao—u - 59/-“/ (2vaTa + T) = 0

o L 1
— vasyua + Kaausaau + §gm/T = 0. (4363)
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We can retrive the same equation (4.3.63) starting from eq.(4.3.50), namely

1 A N . 1. N N
_ea,ugupacr(esapg) - SboyTba,u + §Tgw, — eaﬂwbao—sbl/o =0. (4364)
e

First of all, applying the Leibniz rule and exploiting the identity
éage = 9,Iny/—g = I, (4.3.65)
we can rewrite the first term as
ée“ugypf)a(ega"") = e““gl,pﬁagap” + é(@ae)e"’ugwg@p”
= €400 {S*J“ageaa + eao‘&,Sap”} + faaaeaugypgap”
=e, (Ggea“)ga,,a + g,,,,&,SA’M”“ + f‘o‘wSWU
s {w - r} Bus” + 07 — B, Oy + 0§07
= e“#&bwebaﬁw" — f‘aouS’aV" + &,S’W"
i [FAng, - P%pgm} +19,8,,7,  (4.3.66)
where in the fourth line we have used the tetrad postulate (1.14.7) to rewrite the partial

derivative of the tetrad and the compatibility of the metric (1.14.8).
Inserting (4.3.66) into (4.3.64), it follows

A ~

e’ .bao b Scw(7 - Fao,usaua + aag,uug - Sv#pa |:f‘)\ol/g)\p + fAGngA}

a o o b a *b [
r aO'S,uV - Sb I/T o §Tg;w —€ acPby - 07

~ ~ ~ ~ ~ o N 1.
aaSpJ/U - Faausowa - FAUVS;D\U - FAopSupagl/)\ - SbUVTbau + FaaUSMVU + éTglw =0.

At this point, we can insert the decomposition of the STG connection, i.e. f“"W = f‘o‘m, +

K*,, and assemble the Levi-Civita covariant derivative:

§ o _pa & o fra & o 1A & o AN & o A & opo
aos,uy - I U;LSCW - K J,uScw -I UVS,u/\ - K OVS,u/\ -I o'pS/,Lp gux

~ ~

~ N o N 1.
- K)\Jpsupagu)\ - SagVTacr/,L + Pach,uug + QTguy =0.
(4.3.67)
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By the antisymmetry of S,* and K “w, we have a further semplification of some terms,

namely

PAapS,upogy)\ = 07
e Q& po A Q& o
KVO’pS[Ap + K UVSLL)\ =0,

Then, from eq.(4.3.67) we obtain

o A N N 1 A
Vocswja + Kaausocay + §guVT = 07

hence we have retrieved eq.(4.3.63) and shown the equivalence of the field equations.

4.3.5 The role of the spin connection in the TEGR dynamics

Since the GR Levi-Civita connection is a function of the tetrad, the Einstein-Hilbert action
can be expressed in terms of tetrad only [25]. Therefore, the same Einstein-Hilbert action
corresponds to both Srggr(e®,,0) and STEGR(e“M,o.J“aM), written with the same tetrad.
Hence, the following identity holds (see eq.(4.3.43)):

4

T#(ea“, (:Jabu)) = /:TEGR(ea,uy 0) + 8# <%T“(€au, 0)) .
(4.3.68)

604

8rG

Lrpar(e®,, &%) + fh(

If we contract the TG torsion tensor (4.3.4) with e,”, we obtain

7~ a a vra a %a
1€, ) = ea” T (€% s W)
[ [ ] -~ [ ]
=e,"0,e", — e 0,e", + ea”w“b“eby —ea”w“byebu =T,(,,0) —w,, (4.3.69)

=0

where C:’u = ea”c:)“byebu, and the null term is so due to the contraction of antisymmetric
indeces. Combining (4.3.68) with (4.3.69) we find that the Lagrangians are related by a

total divergence only, namely

° €C4 °
Lrear(ey,ws,) = Lrecr(e®,,0) + 0, (87rGwM)' (4.3.70)
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This relation shows the spin connection JJ“W enters the Lagrangian as a total derivative,

thus the variation with respect to it is identically null

OLrrcr _ (4.3.71)

L]
(5&)“[)“

meaning that the field equations obtained from £TEGR(6““,JJ“W) or Lrpar(e®,,0) are the
same and can be solved independently of the spin connection. Hence, the spin connection
does not contribute to the field equations and this justifies the assumption of the Weitzenbock
gauge to reduce the calculations.

A direct consequence is that the TEGR field equations determine only the equivalence
class of tetrads with respect to the local Lorentz transformations A% (x). Thus, the field
equations do not determine A% (z), which means that we are able to determine the tetrads
up to a local Lorentz transformation and thus to determine only the metric tensor.

Nevertheless, the spin connection plays a fundamental role in TEGR, because it garantees
the covariance of the action under local Lorentz transformations and diffeormorphisms. In
fact, in the count of the degrees of freedom (DoFs), we start from the 16 of the tetrad e”,,
from which we have to subtract 6 DoFs related to inertial effects due to the spin connection
and 8 non-dynamical DoFs due to diffeomorphisms (as in GRE). At the end, TEGR remains
with 2 DoFs as in the case of GR, and this is a further motivation for the dynamics equivalence
between TEGR and GR.

5In GR we have the 10 DoFs of the metric tensor components from which we subtract the 8 DoFs of
invariance under diffeomorphisms.
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Chapter 5
The Symmetric Teleparallel Gravity

In this chapter, we will deal with the last member of the Trinity of Gravity, which is the
Symmetric Teleparallel Gravity (STG). This theory presents the transition from a curvature-
based description gravity to one based on non-metricity, in fact STG is characterized by
having a curvature and a torsion tensor identically null, i.e. R*,,, =17,, = 0. As we saw,

we can define a non-metricity tensor (1.7.6), which represents the gravitational effects

o <
Q)\;UJ - v)\guu) (501)
or equivalently
o (4
Q" = —=Vig", (5.0.2)
o o
QM = —gV g (5.0.3)

The main difference with TG is that STG provides the metric as the fundamental dynamics
object.
Before delving into the theory, it is important to recall some geometric effects and implica-

tions due to the presence of non-metricity:

- Raising up or lowering down indeces of tensorial objects under the covariant derivative
<&
V produces now an additional term due to the non-metrical compatibility, hence for a

vector v*,

o

S S
guAquA = V},LUV - U/\Q;w)\ . (504)

- As it could be seen in Fig.(3.1), non-metricity does not preserve the length of a vector.

Let us consider two vectors v = v#9, and w = w*d, parallel along a curve v, with

<& <
tangent vectors T' = T"0,, where T" = 4*. Hence it means that Vyv* = TV 0t = 0
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<&
and T*V w" = 0. The scalar product of the two vectors, namely v - w = g, v'w” is

not conserved after a parallel transport of the two vectors along the curve ~. In fact:

iod <o
TV \(v-w) = T’\V,\(g,wv“w”)
=0 =0
<& <& <&
= T*(VAg,“,)v“w” + TV vh) G’ + T(Vav") Gt

= T W’ Q) - (5.0.5)
Furthermore, if v = w, if follows that
T)\v)\(g#l’vuvy) = T)\UHUVQ)\/UH (506)

hence, the norm |v| = /v - v is conserved, making it not normalizable.
An important consequence is that is not possible to define a proper time along a curve,
because the notion of distance and duration depends on the metric structure that is

no longer preserved by the connection used in STG.

- Besides the acceleration a* of a four-vector v*, it is possible to define the anomalous

acceleration a,,:

<o
a' = u MV, (5.0.7)
A < A < <& < A
Ay = uVu, = U (Gua VAu® +uQ, ) = a, + Qy ,u u. (5.0.8)

Remarkably is the fact that, under these conditions, the four-velocity is not orthogonal
to the four-acceleration anymore, in fact:
2 <
uyat = u,utVyut
2 < A <&
= u"V(uut) — u'u Vi,
<&
= u*V(guutu”) — uta,
<& <& <&
= u’\(VAgW)u“u” + UA<V)\U”)Q#UUV + u’\(VAv”)gWu“ —u'a,
(o
= u)‘QAWu“u” + a’gut + a'guu” —uta,

o
= QU U’ + 2u,at — uti,. (5.0.9)
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It follows that
<
(a, — a,)u" = kau’\u“u”, (5.0.10)

hence the non-metricity tensor quantifies how much the anomalous acceleration devi-

ates from the usual one.

- If the curve v is an STG autoparallel, now we have that it has an acceleration: the

anomalous one, namely
<& <&

<
a' =Vt =0 = @, = u'Vyu, = Q) u . (5.0.11)

Note that in order to recover the length conservation (5.0.6) and the autoparallel definition

(3.4.1) imposing the following constraints:

© A v © A po v (5.0.10) . N

Qo) =0 = u'Vi(guu"v’) = Qv v'v” =0 =" a,u" = a,u", (5.0.12)
< <

Quup =0 = a, = Q(Au)yUAU“ = 0. (5.0.13)

These two constraints are too strict to be imposed, in fact this issue is solved by resorting

to the Weyl conformal transformations (see Ref. [26] for details).

5.1 Symmetric Teleparallel Equivalent of General Rela-
tivity (STEGR)

Also in this case, the generalized affine connection is flat but K¢,, = 0 this time. The

Symmetric Teleparallel Gravity (STG) affine connection is then

o

T, =%, + L%, | (5.1.1)

The Riemann tensor (4.3.28) is now

R = R + VL5 — VL5 + L%, L7 5 — L%y L5 = 0, (5.1.2)
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from which we can find the Ricci scalar by contracting o with p and raising up and con-

tracting the remaining indeces:

< PR

o o < <o <o
R+ V,(L* = L") + L,L* — L,ys L* =0, (5.1.3)

where we named, using eq.(3.1.9) L?,, = %(QPW — Q. — Q)

B b = LG = O — O = (& — 20 (5:1.4)
2 v 2 ’

° o ° 1 ¢ ° o 1¢

W= [, — [V} — §(QW” —Qm, — Quyﬂ) - _§QM’ (5.1.5)

o < o o
where Q" = Q" and Q*,” = Q". We can manipulate the last three terms of eq.(5.1.3):

<

%u (LM - iu) = VM(%CB“ - QM - %éu)
- %u (éu - Q”)
= —0,[vV—9(Q" - Q")] = B, (5.1.6)

that is a boundary term. Then,

PR o o 1o o b 1 o o o o o o
LMLM - L/J,VO'LO-#V = ZQ'M (QN - QQM) - Z(Q;wcr - Qu,uo - Qopu)( T — QMY — QVUM)
1o o 1o 2 1o o o o o
= ZQMQu - §QMQ# + 5@#1/0’@”’“‘0 - ZQN}/O‘Q#VU - Q (517)

which we addressed the name of non-metricity scalar. Finally, using eqgs.(5.1.6) and (5.3.13),

it is possible to rewrite the curvature tensor (5.1.3):

<o

R=Q-B| (5.1.8)

As in the TEGR case, eq.(5.1.8) leads to the dynamical equivalence between GR and a
specific STG Lagrangian, made up with the non-metricity scalar. In fact, the GR action
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leads to the same field equations as the ones derived from

C4

4 o
SsTEGR = /d4x\/—gR+/d4x\/—g£m = _¢ /d4x\/—gQ+/d4x\/—g£m,
167G 160G
(5.1.9)

where we have neglected the boundary term B and the STEGR Lagrangian assumes the

form

V95 (5.1.10)

L =
STEGR 167G

Thus, at Lagrangian level we can write

ot o <
Lsrear = Lar + (‘L( 16;](2 (Q" — Q“)). (5.1.11)

5.2 The coincident gauge

Before delving into the computation of the STEGR field equations, we want to observe a
particular gauge that allows to simplify the calculations of the following sections.
The generalized affine connection coefficients (3.1.7) transform under a general coordinate

map & — 2 as

OxP 9™ OEP 0% OxP
e, (o)) = ——— 7,5 —_— 2.1
(@) 0&Y Ozt Oxv s(&7) + Oxrdx” O™ (5:2.1)
The transformed affine connection
o ox®
re,, = a—eaﬂaygA (5.2.2)

is still flat, and this restricts the connection to be purely inertial, allowing the following form
for eq.(5.2.2):

Faw/ = A)\aaﬂA)\V (523)
where A € GL(4,R). We can then rewrite the torsion tensor as

T, =T, —T%, = M"9,A", — A\*0,A*,, (5.2.4)
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and if we impose the torsion-less condition of STEGR, we obtain
N>, — 0,A*, = 0. (5.2.5)

This expression is satisfied by introducing functions of the x coordinates, i.e. &* = &H(z")

and defining
A", =0,&". (5.2.6)

In this way, we obtain the flat and torsion-less connection of STG:

oc" ) 0

S
o _ e A
r uy — A/\ a}AA v — al‘)‘ u@a

(5.2.7)

and it is clear that it can be set to zero under diffemorphisms: this connection is a pure-gauge
connection, hence it is always possible to pick a coordinate system in which the connection
vanishes.
For example, a null connection can be obtained by setting £&# = z#. This is called coincident
gauge.

The coincident gauge allows to further simplify the final form of the STG affine connec-
tion: we already know from (5.1.1) that

<o

o o
Fauu = Fauu + La,uua
and if we now impose the coincident gauge, i.e.
<>Oé
', =0, (5.2.8)
we obtain
I, =—L%,. (5.2.9)

A straightforward consequence is that the LC covariant derivative of a tensor X*, is now

%QX#I/ - aoquV + fwaAXAV - anVXHA

< <&
= 0, XM, — LPn XA, + L0, X9, (5.2.10)
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while the STG covariant derivative

o o o
VaXMV = aozXMV + FMOL)\X)\V - FAOWXM/\
= 9.X",,. (5.2.11)

Let us make some considerations. In STEGR, the coincident gauge plays a special role by
setting the affine connection I'“,, to zero through a specific coordinate choice. However,
this gauge choice explicitly breaks manifest diffeomorphism invariance because it selects a
privileged coordinate system. This symmetry breaking is superficial, as it does not signal
a fundamental loss of symmetry in the theory. In fact, the coincident gauge affects only a
total derivative boundary term B in the action, which does not influence the field equations
or the dynamical evolution of the metric.

When a general coordinate transformation is applied, moving away from the coincident
gauge, a non-trivial but purely inertial connection reappears as dictated by the transforma-
tion law (5.2.1). Despite this, the STEGR Lagrangian, constructed from the non-metricity
scalar g), remains invariant under diffeomorphisms because it is built from covariant geomet-
ric objects. Therefore, while the coincident gauge hides diffeomorphism invariance at the
level of coordinates, the full theory remains generally covariant, and the physical content is

unaffected by the gauge choice.

It is important to remark that STEGR is not a gauge theory by definition. However, it can
be formulated in a way that admits a gauge-like structure. This can be achieved by exploiting
the freedom in the choice of spacetime isometries and by imposing the coincident gauge,
which renders the affine connection a pure-gauge object. In this formulation, the connection
carries no independent physical degrees of freedom and can be eliminated everywhere. As
a consequence, at each spacetime point it is always possible to introduce a locally inertial
frame in which the local dynamics reduces to that of Special Relativity. In this sense, the
Strong Equivalence Principle is recovered, expressing the possibility of locally eliminating
gravitational effects through an appropriate choice of reference frame.

Therefore, the coincident gauge embodies and preserves the Equivalence Principle of General
Relativity.

Consequently, although it is not correct to regard STEGR as a gauge theory in the

usual sense, it can be interpreted as admitting a gauge-theoretic structure when the Strong

Equivalence Principle itself is viewed as a gauge symmetry, made manifest.
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Moreover, we can formulate the STG gravitational coupling prescription, which can be

schematized as follows

STG
GR
Nuv — Guv |« > Ny — g
<& 1% 14
0, — V, - -

5.3 STEGR Field Equations

STEGR embodies Palatini’s idea, where metric g,,, and affine connection I'”,,, are two sep-

arated dynamical structures.

5.3.1 Variation with respect to the metric

The STEGR field equations are obtained by varying the STEGR action with respect to the

metric tensor, namely,

4 c*
5SSTEGR=/d ${16 e

5(V=9Q) + 3(v=gLwm)| =0, (5.3.1)

hence

V=8, s IQ 167G (Y =gLm) (5.3.2)

5 nuv 6 uvo ct (Sg/“/

Firstly, we will focus on the §Q) term. Let us write explicitly this term using eq.(5.3.13):

o 2 o o o

o 1 o o 1 1 1 <
0Q = = 10(QuQ") + 50(QuQ") — 10(Que Q™) = 50(QpuoQ™), (53.3)

thus, we need to compute the variation of these four terms. To do so, we firstly calculate

the variation of the non-metricity tensor, which will be helpful later.

o o o o o
6Q/\/w = 6(v/\g;w) - v)\(sg,uu - Lakuégaz/ — La)\u(sgua
o o
- v)\ég;w - 2La>\(u59a)m (534)

where start by assuming the gauge coincidence to simplify the calculations and the fact that
the STG covariant derivative V (5.2.10) could be written as the LC covariant derivative V



5.3. STEGR Field Equations 103

plus the disformation correction.

Let us start with a useful variation:

<o

0Qx = 0(9" Quw) = Q09" + 9" 0@,

o . o
= Q}\wj(_gupgua(sgpa) + gm/(vkég/w - 2La)\(u59a)u)

o . o
= _Q)\MV(SQMV + QWV/\(SQW - 2LM)\V59;U/, (535)
where we used the variation of the metric tensor 6¢" = —g"”¢"?dg,,. The next useful term
is
< N S o N o o S
6Q = 0(g™Qxw) = —QM69ru + ¥V r6gu — L 10Gar — L ,0gay. (5.3.6)

The first term of the variation (5.3.3) is

<& <

5(QuQ") = 50" QuQ,) = QuQuba™ +2Q"5Q),
= —gPg7595,0,Q, + 2050,
= —é“é”dguy + 2@“(55% (inserting eq.(5.3.5))
— Q" Q"8G + 20 (~ QxS G + 8"V A0gp — 21330,
= QM Q3G — 2070\ 00 + 2079V g — AQM LI B g
= VA Q" 50) — [2Q°Q)" +2VA(Q9") +4Q L + Q" Q)09 (5.3.7)

where we used the Leibniz rule in the last line.

The second term of the variation is

3(Q,Q") = Q"6Q, + Q"6Q, — Q"Q"5g,
= VM@0 59,0) + VAQ 0 59,0) + [QQ + ValQ ") + Qg A,

S o AN . 2 < o o °
+ Q"ML vy + QAN 4 VA(Q g™ +2Q7g" LY vy + QHQ¥ ]Gy
(5.3.8)
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The third term is

5(Qur @) = 604787 Qs Qusy)
= 252””6552”1/0 - é/\ﬁvépﬂvég/\p - éupaéu/\oégpk - éaﬁpéaﬁkégkp
= 20" [V ubs — 2L u0gmys] — @YQP 5005, — 20°%°Q, 5 5gs,
_ Q%(éﬂ”oégw) — [2%5)“”" + 452‘“”2”“& + 52”5752"57 + 2520‘/3"@5”] Y.
(5.3.9)

Finally, the last term of the variation is

6(Q“VUQVMJ> = 5(gaugﬁ“g’ya.@;wa@a67>
o S o o S o o o
=2Q"70Q,, — [Q7Q s, + Q*QN + Q77Qus*] 59
o o ., © o S S o S o
= 2V, (Q""8gu0) — [2V,QM + Q77 Qg + Q" Q,N + Q7 Qus™ 0gnp-
(5.3.10)

<&
So far, we have computed all the terms of \/—gd@ of (5.3.2), and we can summarize them

in the following way:

1

V=360 = V=g | - 2(5.3.7) + %(5.3.8) - 4(53.9) - %(5.3.10) . (5.3.11)

Instead, the other term of the left hand side of (5.3.2) is

o 1 o
0/ —gQ = —5\/—gguy5g‘w@. (5.3.12)

Using eqs.(5.3.11) and (5.3.12) we can define the quantity

1 1 a(/=gQ) 1 o
G = 0w Q. 5.3.13
V=gt == ogv 2% ? (5:3.13)




5.3. STEGR Field Equations 105

In order to rewrite the field equations in a more meaningful way, we introduce the non-

&
metricity conjugate P*,, [17] as

uy — 2 /—_g aéaw,

le 1o 1 o . 1(o . 1.,
= ZQ v ZQ(H v) — ng/Q ﬂﬁ + 4_1 (Q/Bﬁ Guv + 5(5 (MQV)B5>, (5.3.14)

fa 1 (/50

< <& <o
such that we the non-metricity scalar can be written as QQ = @, P*".

apy
In this way, the STEGR field equations (5.3.2)

VGG =09 167G 6y =gLn)

59‘“’ 5g,u1/ C4 69"“’

can be finally rewritten as

o 2 ©
o= 5P -

1

1 o 87TG
=g T 59 p

Q=""g,| (5.3.15)

1o
where G, is the STEGR Einstein tensor and

_ 2 6(V/=9Lw)
Ty = N AT (5.3.16)

is the usual energy-momentum tensor for matter.

5.3.2 Equivalence with GR field equations

In STEGR we can rewrite the second Bianchi identity (4.3.54) as
8AR"‘5W + &,R"‘BM + éLRC“[M =0, (5.3.17)
where we already made use of the coincident gauge and the curvature tensor is

o <&
Raﬂ,ul/ = Raﬂuu + Eaﬁp,u =0 (5318)
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with
o ° & <& <o o <o & o

LY =V, L, =V, L%, + L%, L%, — L%, L%, (5.3.19)
such that £%g,, = —L£P,,, and L%, = —L%,,. It follows that eq.(5.3.17) becomes
o o ° <o < <
(%R)‘BW + @LR%M + (%RAQM + (%E%W -+ (‘LEA@,A -+ &,LABM =0. (5320)

Following the same procedure as in Sec.(4.3.4.1), we obtain

o 1 ° o ]_ o
ij — §QW,R = _‘CMV + §gw,£ 3 (5321)

<o

< < <&
where L, = L%, and L = LF,, showing the equivalence with the GR field equations.

Furthermore, we have

o 1 o
Ly = 59wk =0} (5.3.22)

which are the STEGR field equations.
To retrieve a full equivalence, we must prove that the STEGR equations (5.3.22) are equal

to those found previously with the minimization of the action, i.e. (5.3.15). Hence,

© 2 o ° 1 o 1 pa
GV:—VQ _Pau _—qV+_ Z/Q:O
= g oV TIP ) = =+ 50

)
9 1
‘C,uu_ig/u/

£=0

We will start from the first one. Firstly, recall the following identity

aa —g ° 2 1o
L2 =1 = —L0e = =Q,,. 5.3.23
= . (5.3.23)
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Inserting eq.(5.3.13) and (5.3.14) in (5.3.15), we obtain

<

Qa

2 1 1
—(aoz \% _g) P pv + \2 a \/—quy + g,uuQ

V=9 F
LauuQa_ g;wQ Qa Qa +/4Q//+28 Pa;w_ (2Qa,6’,uQ v QuaﬂQu )

1° o
2
2QQQQ,LLV ,uéu) + Qaﬁy@ﬂau - QaQauy) + —gw,Q =0

Ve

l\DI»—

1o 1¢ o 1 & o
2aOéPa,uV + QQQMV (Q Qa) QQa (QBO‘ Qaﬁ ) - §g,uV (Q Qa>
1 o e o o 1
+ 5900 (Q7 — Qa) + ZQMQ + 2ij,,Qa + gﬂ,,Q (5.3.24)

o o 2
In the last step we have rewritten the —igqua (QQQQ) term using

<o

0,0 = VaQ" ~ 50.0" = Qu(@"~ Q%) =20u(Q" ~ Q%) ~ 29a(Q" - Q). (5325)

Now, we will retrieve the same expression as (5.3.24) starting from the second form of the
STEGR field equations, i.e. eq. (5 3.22).
We start by writing explicitly c L and L. Using egs.(5.1.5), (3.1.9) and (3.1.11), i.e

<>a 1¢°

L po — _EQ'M

OO{ 1 OOA p (6% p (6%
Lyuzﬁ(Qyu_ MV_QI/ ,u7)7
S o

Qa;u/:Qowua

and contracting o and p in (5.3.19), it follows that

S o o o S o o o
@ «a o @ o @

»C,u,l/ = vch uy VVL po + L /.Ll/L oca L ;sz ov

o o S o o o o

%éu - %QQLQW ~ 1 [Q,70Q % +2Q% 0 (Q%ap — Qu74)]. (5.3.26)
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Hence,

o o
EZQ’“’EW
2 0L 1o o, 1o ¢ 5 1 © o 2 o o o

- vaLa vt §VVQ - §Qo¢La v Z[Q UaQuaU +2Qaau(QaaV - Qaay)]
oo lo 2 1 e 1o 1o o 2 1
_va(gQ _Q )+§VQQ _EQO&(§Q _Q )_Z

— V(0% = Q%) - O, (5.3.27)

o <& <o

Oua « 1 a o v 1<>a 2 ov
Q aQy 0'_§Q ov « +§Q au@a

where we used the definition of non-metricity scalar (5.3.13).
Gathering together eq.(5.3.26) and (5.3.27) we can rewrite the STEGR field equations
(5.3.22) as

o 0, 1. ¢ 1<><>a 1<>U<>a ° . o °
vaL 72 + §VVQM - §QaL [ 2 Z_l [QM aQu ot 2Q ov (Q ap Qa u)}
1 = <>cy <Za 4
- §guu[va(Q - Q ) - Q} =0
(5.3.28)
Using now
Oa QOA 1 OCM 20{ 1 « p4 « p4
L%, =2P%,, + 5g#,,(Q - Q%) - 1(5 WQu +6%,Q,), (5.3.29)
we obtain
o 1e o b 1 o )4 1° o
anzpa;w + EQa,uz/ (Qa - Qa> + Eg;u/aa (Qa - Qa) + §LJMVQO'
1o . 24 1 ° ° o 1 R ° ?a 1 S
+ ZQ“ aQy o+ 5@ O'Z/(Q ap Qa ,LL) - ig,uuvoz<Q - Q ) + §gij =0 (5330)

5.3.3 Variation with respect to the connection

We will now variate the STEGR action with respect to the connection. Hence, we start form

eq.(5.3.1), and we obtain

5v/=g ¢ 5C 167G 5(v/=GL,
WGy g 29 1OTCIV g (5.3.31)
5T, 5T, ¢ 0T
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Since we are assuming the Palatini approach, the metric does not depend on the connection,

thus the first term vanishes and it follows that

fQ = —87T4GHQ“”, (5.3.32)
oT,, ¢
where
= 2 09w (5.3.33)

V=9 e,

is the STEGR hypermomentum. Recall that

& <& <& o

Q)\HV - V)\gp,u - 6)\g/uz - Faxugw - Fa,\l,g,m, (5334)
hence,

o <o o
5Q)\;u/ = _5Fa)\ugow - 5]?‘&)\Vgua~ (5335)
The variation of the scalar torsion is then
5Q
5@ = S 5@)\/1,1/ = P)\wde)\w, - P)\'uy( - 6Fa)\ygaz/ - 5Fa)\1/g,ua) = _2P/\HV5Faz\ugau-
5QAMV

(5.3.36)

Assuming an arbitrary connection variation and that the STG connection does not couple
with matter, i.e. H,* = 0, we can retrieve the connection field equations integrating by

parts

0SsrEGR / 4 oy
OOSTEGR _ o [ gty /=gPM7g,, = 0,
5T, T/—gPM"g

— |V,.V, (vV=gP.") = 0| (5.3.37)

Note that they are trivially satisfied by the coincident gauge, meaning that they do not
impose new dynamical constraints.
In STEGR we have that the total DoFs are enconded in the metric tensor, having 10
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components from which we have to subtract 8 diffeomorphisms as in GR, having therefore

again 2 DoFs as in GR. Here we have that the 4 diffeomorphisms of coordinates become the

gauge diffeomorphism symmetries.
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Chapter 6

Trinity of Gravity: its extensions, state

of the art and open issues

As we have seen so far, the three theories of the Trinity have shown to be dynamically
equivalent at Lagrangian level up to a boundary term, while it is also possible to retrieve
the same field equations starting from the Second Bianchi identity. In the following, we will
talk about the equivalence of the Trinity at solution level.

Moving forward, we will discuss about the extendend version of the Trinity and whether is
possible to guarantee their equivalence. In the end, we will present the open problems and

conceptual tensions that concern the Trinity of Gravity.

6.1 Solutions in Trinity of Gravity

We now briefly discuss the equivalence of the GR, TEGR and STEGR at solution level.
Previously we obtained the same field equations for the Trinity, hence we expect that the
same solutions have to be retieved if we impose the same symmetries. One of the simplest

solution is the Schwartzschild spacetime |12, 18], i.e.

oM oM\ !
ds® = —(1 — T) dt* + <1 — T) dr? 4 r?dy?,

which is written in spherical coordinates {t,r,0, ¢} on the equatorial plane ¢ = 7.
To do so, it is convenient to use the 3 + 1 slitting formalism of the metric and tetrads in
spatial and temporal part to simplify the calculations and numerical analysis [27].

In the TEGR scenario, a spherically symmetric solution can be recovered adopting the
tetrad formalism and the Weitzenbock gauge (see |28, 29| for a detailed discussion). As it is

shown in [17], choosing a diagonal tetrad allows to prove that (O;w, = G-
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< o
A similar discussion is done in STEGR. Here the coincident gauge V,, = 0, and Fgﬂ =
o . o
L# 5 is adopted, which makes even simpler the proof of G, = G ..

It is important to remark that, in both TEGR and STEGR, the usual picture of a
black hole as an object so massive that it bends spacetime into an infinite geometric well
is no longer appropriate, since these theories are formulated on flat manifolds. In TEGR,
the gravitational interaction manifests itself through the torsion of the tetrad fields, which
induces rotations of the observer frame. Therefore, a black hole is not interpreted as a
geometric well, but rather as a region where torsion becomes extremely large, formally
divergent. In STEGR, instead, gravity is encoded in the non-metricity, which produces
expansions and contractions of the observer laboratory. Consequently, the geometric effect
of a black hole is understood as an extreme variation of measured distances, rather than a
curvature-induced well.

Moreover, it is also possible to observe the validity of the Birkoff theorem [30] also in
TEGR and STEGR, which states that any spherically symmetric solution of the GR field
equations in vacuum has to be static and asymptotically flat. In addition, the Schwartzschild

solution is the unique solution satisfying these hypoteses.

6.2 Considerations on the Extended Geometric Trinity
of Gravity

Even if we will not discuss this theme in detail, it is correct to make the reader aware of the
extensions of the dynamically equivalent representations of gravity. The study of modified
Gravity theories have been proposed and motivated by discoveries in high energy physics,
cosmology and astrophysics (see [31] for further details and references).

A modified theory of Gravity is the extension of the Einstein’s theory by correcting
the Einstein-Hilbert action with higher order terms in the curvature invariant, for example
as }032, }OBW}O%“”, éuypoé“”p”, and in some cases also terms containg minimally and non-
minimally coupled scalar fields. Nonetheless, we will consider the class of f (R) theories of
gravity, in which the Ricci scalar is substituted with a general smooth function of ]O%, namely
[21]

Sty = /d456[\/—_9f(é) +2xL].
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By means of the same procedure, we can also extend the TEGR and STEGR theories [16].
It is important to remark that in general the equivalence between the three theories is not
valid at the extended level anymore. The main problem is due to the fact the the equivalence
holds only for theories which are linear in the scalar invariant, while the extension can exhibit
further (and different) degrees of freedom. However, the equivalence at the extended level

can be restored making use of a correct boundary term identification (see [21] for details).

6.2.1 Extended TEGR

In the extended TEGR scenario, we start by substituting the torsion scalar with a smooth
function f(T, B), namely

Syp) = / d'z[ef(T, B) +2xLn), (6.2.1)

where B is the boundary term (4.3.39). It is now possible to recover the f (R) gravity if we
impose the condition (4.3.38), i.e. R = —T — B, obtaining

f(T.B) = f(=T - B) = f(R).

Moreover, it is also possible to retrieve gravitational waves in f (T, B). In the weak field
gravity, they coincide with those of f (R) gravity and exhibit three polarizations: the two
standard of general relativity, plus and cross, which are purely transverse with two-helicity,
massless tensor polarization modes, and an additional massive scalar mode with zero-helicity
[32].

Clearly, if we consider f(T, B) = f(T), and in particular f(T) = T, we recover GR and
the equivalence between GR and TEGR is restored.

6.2.2 Extended STEGR

In the case of extended STEGR, we write the action as

/ e[V =GO, B) + 24Ln].

S <o -
JF(@,B)
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where B is the boundary term defined in eq.(5.1.6). As before, f(R) gravity is recovered by
imposing the identity (5.1.8), i.e. R = Q — B, which leads to

o

In the special case f(Q,B) = f(Q), we will obtain second order field equations as in the

o

A

f(T) gravity.

6.2.3 Comments on Renormalization

Both standard TEGR and STEGR are non-renormalizable in the same way that General
Relativity is, which means they cannot be treated as a complete quantum field theory using
standard techniques.

Roughly speaking, the non-renormalizability of Gravity means that when trying to quantize
it, the theory becomes unpredictable at high energies, as it requires an infinite number of
counterterms to fix the divergences.

However, it has been shown that a possible attempt to renormalize Gravity could be done
by using extended theories. In fact, in order to renormalize matter fields in curved space-
time, higher-order curvature terms as R?, R*'R,,,,, R**° R, ,, must be considered within the
effective action [33]. Furthermore, gravity theories with quadratic curvature terms turn out
to be renormalizable and asymptotically free in the metric framework [34, 35]. However,
higher-derivative gravity theories generically contain a massive spin-2 ghost appearing as an
additional pole in the propagator. The position of this ghost pole is gauge independent, but
its presence leads to potential violations of unitarity, and its physical interpretation remains
a subject of ongoing debate 36, 37, 38|.

6.3 Motivations for studying Teleparallel Gravity

First of all, since we have constructed and discussed the Teleparallel Gravity, we have all
the ingredients to fully comprehend why we are interested in studying this theory [16]. We
could have presented this argument at the beginning of our journey, but doing so would
have required anticipating results that are formally introduced later. In this section, we will
restrict ourselves to TEGR.
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Gauge theory for Gravity

We have seen that TEGR is a theory equivalent to GR. It allowed us to treat the gravitational
interaction from a different perspective: the concept of curvature in GR is replaced by torsion,
while the geometry by the force. The first point which changes the game is the fact that
TEGR is fomulated as a gauge theory for the spacetime translations. This description not
only explains that the source of gravitation is the energy-momentum, which is the Noether
current for those translations, but allows us to treat the gravitation by means of a gauge

theory, as already happens with the other known interactions.

Grayvitational energy-momentum density

In all the field theories it possible to define a local energy-momentum density. This is a
quantity described by a tensor, hence is frame-independent. It would then be natural to
expect that also the gravitational field possesses such thing. Unfortunately, in GR there is
no tensorial expression for the gravitational energy-momentum density. The reason of that
lies on the impossibility to separate the gravitational and inertial effects, which are both
contained in the GR spin connection. Hence, the gravitational energy-momentum density
of GR has to include both a contribution from gravitation and inertials effect, and since the
latter are non-tensorial, then the energy-momentum density will be a non-tensorial object.
This is not a malfunction of the theory, but rather a consequence of the Equivalence Principle.
In fact, it is always possible to locally neglect gravitation effects choosing an appropriate
reference system.

On the other side, in TEGR the inertial effects are described by a Lorentz connection,
while the gravitation is represented by a translational gauge potential, which is the non-
trivial part of the tetrad. Hence, this theory provides a separation between inertial effects
and gravitational ones and, as a consequence, it is possible to write an expresson for the
energy-momentum density. Obviously, in order to be a true tensor, it has to include only
the gravitational term, which involves only a covariant conservation.

This discovery tells us that the difficulties encountered in GR to define an energy-momentum
density, are strictly related to the GR framework and not to the nature of the gravitational

Interactoion.

Spin-2 field—Gravity coupling

Fundamental spin-2 fields present inconsistencies when coupled to gravity [39, 40]. This is

caused by the fact that the divergence identities satisfied by the field equations of a spin-2
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field in a free theory (Minkowski spacetime) are no longer true when we introduce a coupling
to gravity: the derivatives are transformed in covariant derivatives by the coupling prescrip-
tion, which introduce terms proportional to the curvature due to their non-commutativity.
If we instead describe a spin-2 field with tetrads, we pass from a rank-2 symmetric tensor
Y to a 1-form 1, which takes value in the translational Lie algebra, while its interpretation
goes from a linear perturbation of the metric to one of the tetrads.
In absence of gravitation the Teleparallel approach to the spin-2 field correponds to the GR
approach, but in the presence of gravitation it differs substantially. The reason is that the
latin index of the translational-valued field ¢, is not an ordinary vector index, but a gauge
index. As such, it is irrelevant for the gravitational coupling prescription because it labels an
internal symmetry (translations) and does not couple to the gravitational connection. This
way, we give rise to a spin-2 field theory, where the perturbation of the tetrad ¢, is a gauge
field, analogous to the electromagnetic potential A,,.
This theory is shown to be gauge invariant and local Lorentz invariant, and preserves the
duality symmetry of the free theory. Moreover, there are no constraints on the spacetime
geometry thanks to the spin connection not having inertia. This leads to a tetrad-based

gravitationally coupled spin-2 theory fully consistent.

Gravitation and Quantum Field Theory

As we know, General Relativity and Quantum Mechanics are not consistent with each other.
GR is based on the Equivalence Principle, whose strong version establishes the local equiva-
lence between gravitation and inertia. This principle makes use of ideal observers, which are
time-like curve, i.e. wordlines [41]. Such curve represents locally, in well-chosen coordinates,
a point-like object in 3-space evolving in the timelike 4th direction.

Hence, along the trajectory of a point-like ideal observer, gravity can be neglected by choosing
an appropriate reference system. Remember that, mathematically, the Levi-Civita connec-
tion can be nullified along that curve.

Quantum Mechanics has the Uncertainty Principle as foundational principle, and it is non-
local: a test particle does not follow a given trajectory, but infinitely many with different
probabilities. Thus, QM requires instead real observers, i.e. objects extended in space, which
by definition intersect congruence of curves, described by the deviation geodesics equation
and depend on the spacetime curvature. For this reason, it seems that the GR framework is

incompatible with QM. Therefore, a quantum version of EP is impossible.
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On the other hand, as we have already seen, the Teleparallel Gravity does not require
the EP as foundational principle. As a consequence, if we consider TG then we can not con-
sider the Equivalence Principle. Obviously, this step does not eliminate the inconsistencies
between gravitation and QM, but surely it provides a better framework to deal with these

problems.

Moreover, this framework appears to provide a promising route toward the quantization
of Gravity. Since gravitational effects are encoded in a translational gauge potential that
cannot be made to vanish locally, unlike the spin connection in GR, it constitutes a natural

field variable to be quantized in approaches to Quantum Gravity.

6.4 Considerations and implications of the fundamental

role of the Equivalence Principle

In the previous chapter, we explored the formulations of TEGR and STEGR and demon-
strated their dynamical equivalence. This allowed us to conclude that GR, TEGR, and
STEGR are equivalent at the Lagrangian level, in the field equations derived from the sec-
ond Bianchi identity, and in their respective solutions.

Among the most significant result there is, of course, the recovery of the Strong Equiva-
lence Principle (SEP). In fact, despite that these two alternative theories of gravity are built
on different foundation principles with respect to GR, it is necessary that they both recover
SEP in order to be considered consistent and to demonstrate their empirical equivalence!
with GR. However, we must note a non negligible detail: in GR, SEP is a fundamental
assumption of the theory, hence postulated at priori, while in TEGR and STEGR it is re-
covered at posteriori (see Fig.(6.1) for a representation). Thus, it means that, since in the
Geometric Trinity of Gravity it does not seem to be always a fundamental statement, at
some level of these formulations it could be not valid anymore [8].

In order to comprehend better this argument, let us think backwards: for instance, if the
SEP is a necessary fundamental principle also for TEGR and STEGR, then it is a meta-
empirical evidence in favor of what we called the FEP, that is the Equivalence Principle
as Fundamental. But, as we have seen, this is not the case. Thus, our confidence in the

fundamentality of the SEP decreases. A question should now naturally arise:

'Empirical equivalence is a philosophical concept describing two distinct scientific theories that make iden-
tical predictions about observable phenomena, meaning no amount of empirical evidence could distinguish
between them.
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W77 7

FIGURE 6.1: The figure shows how the three theories differ with respect to the EP (the

SEP, in particular). In GR, EP is at the foundation of the theory and without it the

other predictions are not possible; without the root, the branches would not exist. In

TEGR and STEGR, on the contrary, the EP is not at the foundation, but it is a lateral

branch, recoverable through the general covariance principle and via the coincident gauge,

respectively. L: Lagrangians, F E: field equations, S: solutions of the F E, C: cosmological
applications. Figure credits [8].

Could the different foundational role of SEP in the three theories lead to differences in

empirical content?

This discussion is remarkably important at a experimental level as well, since it implies that
it is not sufficient to have dinamically equivalent theories at a geometric level to ensure their
complete equivalence, because if the fundamental features are different, the experimental
protocols needed to test those foundations can also be different. This is due to the fact
that if the SEP is not a fundamental feature of reality (FEP), it must be an emergent one
(EMEP, EMergent Equivalence Principle). And if it is emergent, it is possible that, at some

level, it is not valid.

6.5 Open problems and experimental Equivalence Prin-

ciple violation detection

Before proceeding further, we would like to clarify the main physical issues related to the
SEP and how possible violations of it are detected experimentally. Tests of the WEP are
those that verify the equivalence of gravitational mass and inertial mass. An obvious test is
dropping different objects and verifying that they land at the same time. On the other hand,
the SEP can be tested by examining orbital variations in massive systems such as the Sun-

Earth-Moon system, detecting possible changes in the gravitational constant G' due to nearby
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gravitational sources or relative motion, or by investigating whether Newton gravitational
constant has varied over the history of the universe [42].

To begin with, it is important to note that these tests are extremely complex and require
many years of work. Moreover, they must also investigate the possibility of SEP violations
occurring within the quantum regime. Indeed, it remains uncertain whether the WEP, and
consequently the SEP, hold at the quantum level. At present, we only assume its validity,
although it is still unclear whether the WEP can be meaningfully extended to quantum
systems [43, 44]. At the quantum level, particles behave as wave packets, making it difficult
to give a clear meaning to the concepts of universality of free fall or the equivalence between
gravitational and inertial mass (see [45| for procedure details). Upcoming experiments in-
volving free falling quantum systems could provide a direct way to test and explore these
ideas [46, 47, 44].

Experimentally, the WEP violation is quantified by the E6tvos parameter 7. It is defined
as the ratio 48]

as —a m m
nap — ug( ) _(_g> , (6.5.1)
ap+ap m; ) 4 m; ) g

where a4 and ap are the acceleration of the two free-falling test bodies A and B, and
mg and m,; their gravitational and inertial mass, respectively. At the moment, the highest
accuracy has been reached by the MICROSCOPE space mission in 2022 [49, 50|, with a
free-fall experiment performed with macroscopic classical masses, with a E6tvos parameter
n = 107'°, by using two masses of different compositions (titanium and platinum alloys) on a
quasi-circular trajectory around the Earth. This is achieved by comparing the accelerations
inferred from the forces required to keep the two masses on exactly the same orbit. Any
statistically significant difference between the measured accelerations, appearing at a specific
frequency, would indicate either a violation of the Weak Equivalence Principle or the presence
of a small additional force beyond gravity.

Nonetheless, atomic sensor methods with enhanced performarce for WEP test in space has
been proposed by the STE-QUEST (Space-Time Explorer and QUantum Equivalence Space
Test) mission and aim to reach a precision of ~ 1077

Another work in progress experimental field investigates the WEP with antimatter, which
makes use of an interferometric configuration to measure the effect of gravity on positronium
and antihydrogen [51, 52]. We report in Fig.(6.2) the different tests of WEP from 1960 until
today, and the predictions for the future.

Now, if these experiments leads to a violation of some form of the EP, then it means that
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FIGURE 6.2: The most relevant WEP tests performed from 1960.
The shaded area contains the prospects of future missions. See [53, 54, 55, 56|
for data. Figure credits [8].

GR is not valid at that level anymore. The situation is different for TEGR and STEGR. In
fact, since they do not require the EP a priori, they would remain viable theories.

Although this argument makes sense for us, other authors claimed that since GR, TEGR
and STEGR are dinamically equivalent, no empirical differences between them should exist.
Hence, a SEP violation would falsify all of them. Moreover, SEP could be locally retrieved
with a proper gauge choice, meaning that there could be points in the spacetime where
SEP does not hold, but this does not falsify the theories, since in these frameworks it is
not a fundamental principle. The SEP then would become an emergent principle (EMEP),
recoverable only at limited levels, with constraints highlighted by experiments.

It should also be noted that the continued confirmation of the SEP at all levels raises ad-
ditional conceptual issues. If, after significant experimental progress, no violation is detected,

at what level of accuracy should we consider it to be satisfied, 10719?107207107507
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6.6 Theoretical argument for identifying a possible Equiv-

alence Principle violation

The Geometric Trinity indicates that there exist consistent formulations of gravity that
do not require the EP as a fundamental postulate. As discussed in the previuos section,
this could be attributed to the fact that the EP, and then the SEP, are Emergent principles.
From a theoretical point of view, considering connections and parallel transport, the Einstein
Equivalence Principle (EEP) is closely tied to the Principle of General Covariance and the
existence of autoparallel curves. These geometric notions can be reinterpreted through the
Noether theorems, which link conserved quantities to internal and spacetime symmetries.
Within this framework, it can be shown that the EP, particularly the EEP and the SEP,
emerges as a Noether symmetry (see [57] for further details).

Keeping in mind this argument, which includes the use of geodesics and autoparallel

curves, we can naturally ask ourselves the following question:

Is the equivalence of the actions and the field equations sufficient to state that GR, TEGR
and STEGR are dynamically equivalent?

To answer this question, we must understand where, at a geometrical level, we can address
a violation of the Equivalence Principle. To do this, we first refer to one of the most
important paper in the subject, “ The geometry of free-fall and light propagation” [58]. In
this article, it has been shown how it is possible to derive the Lorentzian geometry, that
underlies the spacetime of GR, from a compatible conformal and projective structures on
a 4-dimensional manifold (see Appendix (B) for details). EPS introduce the concept of
universality of geodesics structure, which should be understood in a projective way: the free
fall of bodies only determines the class of non-parametrized geodesics, not a complete affine
connection nor a unique metric. Two theories could share the same free fall trajectories even
if they have two different affine connections, and in general a map which identifies an affine
structure with another one does not exist if they do not belong to the same projective class.
This identification is possible only if the theory is totally metric, i.e. when the connection
is the Levi-Civita one, and the geodesics structure (along with the conformal one fixed by
the light propagation) determines the metric up to conformal factors. In this scenario, the
geodesics identification leads to the metrics identification.

On the other hand, in non-metric theories or metric-affine ones this does not hold. For this
reason, in purely metric theories the Strong Equivalence Principle is automatically satisfied,

while in non-metric theories it could fail even though the free fall is universal.
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Now the breaking point: what if the theory is non-metric? We can find the answer in the
article “ Motion of test particle in spacetimes with torsion and nonmetricity” of losifidis and
Hehl [9], which we will briefly discuss below.

6.6.1 Test particle equations of motion in Metric-Affine Gravity

As we have seen in Sec.(3.2), MAG theories can be treated a la Palatini. Then, it is possible
to identify the sources of the theory with the variations of £,, as hypermomentum A, ",
(metrical) energy-momentum tensor ¥, and canonical energy-momentum tensor >*,,.
Moreover, it is important to note that in the STEGR scenario (see Sec.(5.3)), we set to
zero the hypermomentum to recover the connection field equations (5.3.37). We now want to
keep this quantity non-zero, since its presence, together with the energy momentum-tensor,

exite the spacetime curvature, torsion and non-metricity.

In order to obtain the equation of motion of a test particle, the authors proceeded in

three steps:

1. retrieving the MAG conservation laws by taking in account the invariance of matter

action under diffeomorphism and the general linear group GL(4,R) |9, 59]. These are

1 v 1 v 1 17
\/—__g(vu —2T,)(V—=g%"s) = —2T X" + 5Pw,,aNﬂ = 5Qaw ™" (6.6.1)
1
——(V, = 2T,))(/—gA,\"*) = 3+, — T+, (6.6.2)
2=
2. Assuming the form of >#, and A " to be convective, i.e. for a particle with intrinsic
properties, the momentum and hypermomentum density are no longer proportional to
their transport velocity [9]. For what concerns the metric energy-momentum tensor

T it is instead assumed to be that of a structurless point particle.

3. Approximating the test particle as point particle, by means of a Dirac delta function.

We obtain
1 dr NN
M= =g g (F = ), (6.6.3)
y 1, ,dr >
AW = —_gu hwa(s(?ﬂ(x —7,(1), (6.6.4)
1
T muuul/ﬁgw)(}’ — 7,(t)), (6.6.5)
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where m is the mass of the particle and @, (¢) its postision in 3d-space.

From the integral of densities of ¥#, and A" it follows that

P, = / P A (F — T, (1)), (6.6.6)

HyM = /deﬁh,\%(?’)(? — 7,(1)), (6.6.7)

which are the total momentum and total hypermomentum, respectively.
Integrating the conservation laws and using the previous definitions, it is possible to retrieve
the trajectory of a particle fully charged under hypermomentum, i.e. dilation, spin and shear

together:

dr2

d2‘ry 2 a, B 1 af v A,
m + IV puu” | = §H U Rogy” — g u*Vaéy |, (6.6.8)

where &, is defined through the decomposition of the total momentum as?
. r
Py = muy + &, with & = — 5 Ul V., Hy". (6.6.9)

We can now analyze eq.(6.6.8) in our field of interest, i.e. in GR, TEGR and STEGR.
The first difference is that GR does not support the presence of the hypermomentum, since
it is due to the effect of a non-Reamannian geometry. Hence in a metric theory as GR, the

hypermomentum vanishes by construction. In this case eq.(6.6.8) becomes

d?z”

FECE [ opuu? =0, (6.6.10)

which is the usual form of the geodesic equation.
In the TEGR and STEGR scenario, hypermomentum does not vanish in general. Nonethe-
less, the Riemann tensor is set to zero and we remain with

C2 i = — Ly 11
If we want to consider these three theories a Trinity of gravity, we should also require the

equivalence of the equation of motion of a test particle, which are always to be considered

2Tn order to describe completely the system, we also need the evolution equation for hypermomentum
(see [9] for further details).
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when discussing a theory of gravity. This is satisfied only if
UV =0 = g™V, (uu'V, Hy") =0, (6.6.12)

which imposes on the hypermomentum very strict constraints. Condition (6.6.12) is identi-
cally satisfied in TEGR and STEGR and follows from the connection field equation, that in

the case of a non-vanishing hypermomentum assumes the form [9]

(V, — 2T,)(vV=gA\*) = 0. (6.6.13)

However, a problem arises from this equation, since it follows from eq.(6.6.2) that
MH, =%, (6.6.14)

which imposes the equivalence between the canonical and the metrical energy-momentum
tensors, meaning that they both must be symmetric. This is not true in general. For example,
fermionic fields have a non-symmetric canonical energy-momentum tensor, thus imposing the
condition (6.6.13) means that we are excluding the presence of standard spinors.

As a result, we conclude that the Trinity of Gravity manifests a complete® dynamics
equivalence only in cases where the hypermomentum is either severely restricted or entirely
absent. Let us take a step back and align our thinking.

At field equations level, GR, TEGR and STEGR are dynamically equivalent, but their
foundations are completely different. Now we have all the ingredients to answer the following

question:

When we consider two distinguishable particles, are these three theories still dynamically

equivalent?

In GR, we already know that the free fall of these particles is the same even if they have
different spins. In TEGR, since there is torsion, two particles with different spins freely
fall in different manner, because the geodesics are not the same. Hence, the equivalence is
dependent on the type of matter we are taking in consideration: pointlike particles without
internal degrees of freedom (zero hypermomentum) show the same free fall and the same
dynamics. Instead, particles with internal degrees of freedom require more attention.

In the next section, a detailed and final discussion will be presented on coupling with matter

and on the issues that arise depending on the nature of the particle under consideration.

3Tt means at field equations level and at equations of motion level.
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6.7 Matter coupling

In generalised geometry frameworks, as Metric-Affine theories, there could arise ambiguity
when considering the coupling between matter and spacetime geometry [60]. In this section,
we will see that matter fields that share the same dynamics in the absence of gravity, can
instead be differentiated by their interaction with it.

Let us recall the method we use in General Relativity to switch on the gravitational
interaction: the minimal coupling principle (MPC). It consists in making the actions S of
the standard model fields ¢ locally invariant by promoting the metric of the inertial frame
(flat) to the dynamical spacetime metric (curved) and replacing the partial derivative with

the covariant ones. Namely,

S, ¢,0¢) — 5(9,9, V). (6.7.1)

MCP is considered as the appropriate prescription to couple gauge fields to a matter sector
that is charged under the corresponding group.
As example, we can recall Chap.(1.10): in the case of Electrodynamics we have the coupling
0, — D, = 0, + ieA,, because the photon field is charged under U(1), meanining that it
tranforms non-trivially under this symmetry group. Moreover, for a Dirac spinor we see that
Oy —D,=0,— %w“buJab, because the spinor is charged under the local Lorentz group.
If we consider a point-like particle with standard action S = m [ dr, we are considering
a purely metric quantity. The equations of motion are geodesics, hence they depend only
on the Levi-Civita connection (geodesics coincide with autoparallel curves). This is also a
consequence of the MCP for bosonic and fermionic fields in spacetimes equipped with just
the metric connnection.

In generalised spacetimes, the MCP does not necessarily lead to standard matter coupling,
especially if there is torsion. Hence, the violation of the MCP will thus serve as an indicator
to determine whether a non-metric theory, when coupled to gravity, generates additional

contributions in the equations of motion or within the field dynamics.

6.7.1 Matter coupling in Metric and Symmetric Teleparallel Grav-
ity
Traditionally, we distinguish particles by the transformation properties of their fields under

the Lorentz group. We call boson a field that belongs to some tensor product of vector

representation, and fermion a field that belongs to the universal double cover of SO(3,1).
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These properties can be extended in a more general framework, in which gravity is turned
on, but as we will briefly discuss now, boson fields couple to gravity easier than fermions, as

the former only couple to the metric, while the latter also couple to the connection.

6.7.1.1 Bosonic fields

The reason behind the previuos statement is that bosons are described by tensorial repre-
sentations, while spinors need spinoral fields.

The starting point to introduce gravity is a flat spacetime with a Lorentzian structure, where
bosonic fields are described by Lorentz tensors, indeed. Switching on gravity, Lorentz tensors
become G'L(4,R)-tensors and this leads to the possibility of mapping the connection on the
SO(3,1) Lorentz bundle to an affine connection on the GL(4,R)-bundle.

Gravity off Gravity on
Lorentz flat spacetime (non)-Riemannian geometry
Lorentz tensors GL(4,R)-tensors

S0O(3,1) connection on Lorentz bundle Affine connection on the GL(4,R)-bundle

Hence, there exists an isomorphism between the tensorial representations of SO(3,1) and
GL(4,R). This fact, simplifies the introduction of the coupling to gravity with the covariant
derivative obeying the MCP.

TEGR scenario

In order to investigate the behaviour of fields in these theories, we introduce the following

Lemma (see [61] for details and proofs):
Lemma 6.7.1. Let A be a gauge field and D the gauge-covariant exterior derivative. Then,

1. the canonical field strength F is F = DA iff the connection is torsion-less.

2. If 1. is satisfied, then the Bianchi identity can be written as DF = 0.

This Lemma tells us that metric TG presents problems even just for a bosonic field if
one adops the MCP: even though scalar fields do not couple with torsion, MCP formalism
is based on geometric rules as D?* = F and DF = 0, which hold only if the connection is
symmetric (no torsion). If there is torsion, as in metric TG, MCP leads us to write operators
that do not respect these identities, hence all the geometric construction becomes potentially

non-coherent and DF # 0 in general.
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Let us take as example the photon field. In general, we describe it as A = A, dz*, with
field strength F = dA such that dF = 0 (photon gauge invariance). If we apply the MCP in
a spacetime with torsion, then d — D and F = DA.. This time, from Lemma(6.7.1) follows
that D? # 0 and DF # 0, and especially DA = dA + Storsion termsl, namely

non-minimal coupling
FHV = 28[',“4”} — QV[MAV} = 28[MAV] + TQHVAQ.

Thus, the torsion forces the photon to lose its U(1) standard invariance. This is not physically
acceptable, since electromagnetic gauge invariance is extremely well tested experimentally.
Consequently, in this case the minimal coupling principle cannot be regarded as universal: it
may serve as a guiding prescription, but it cannot be applied blindly to all gauge theories. In
particular, the electromagnetic field does not couple directly to spacetime torsion. Therefore,

even in the presence of torsion, the field strength is defined as

STEGR scenario

In STEGR and GR, we avoid this problem since the torsion vanishes and F = DA as in a

Riemann theory.

6.7.1.2 Fermionic fields

On the other hand, for fermions, mapping the SO(3,1) connection on the Lorentz bundle
to the affine connection on the GL(4,R)-bundle is not straightforward. This is because one
must first construct the universal double cover of the Lorentz group, and in general, a direct
translation to GL(4,R) is not possible. Hence, in this case does not exist an isomorphism
between spinorial representations SL(2,C) and GL(4,R), consequently it is not possible to
define the corresponding connection.

Recall in fact that already in the standard formulation of GR it is required the introduction

of a spin connection in order to deal with fermions.

TEGR scenario

Coupling Dirac spinors in Teleparallel Gravity requires special care because spinors trans-

form under the local Lorentz group. Besides the mathematical argument presented before,
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it is important to remark that the rise of inconsistencies is due to the fact that TG is con-
structed as a gauge theory of the translational group of spacetime. The energy-momentum
tensor is the corresponding dynamical current for the generators of translations, while spin
current corresponds to generators of the Lorentz group, which is incompatible with the gauge
approach based on the translational group [62].
In the traditional “pure-tetrad” formulation of Teleparallel Gravity, the spin connection is
artificially set to zero, w*®, = 0, in all frames. Since the spin connection is then no longer
treated as an independent variable, the minimal coupling prescription becomes inconsis-
tent: the canonical energy-momentum tensor of the Dirac field is non-symmetric, while the
metrical energy-momentum tensor is symmetric. As a consequence, the resulting field equa-
tions impose spurious constraints on the spinor current, constraints that have no analogue
in GR |20, 60]. This problem originates from the fact that setting w®, = 0 breaks local
Lorentz invariance and eliminates the inertial part of the spin connection that is required
for a consistent spinor coupling (recall the Fock-Ivanenko derivative).

It has been shown in [62] that in order to make spinning matter couple to gravity con-

sistently, we can act in two different ways:

- introduce a different coupling rule such that the canonical energy-momentum tensor
becomes symmetric.
In this case, it is possible to retrieve the correct interaction with the Dirac field if the
coupling is well-chosen [63]: the trick lies on assuming that the coupling Lagrangian of
the spinor field does not contain the Weitzenb6ck connection, but only the Levi-Civita

part (formally obtaining a description equivalent to the GR).

- Change the dynamical scheme and make it non-symmetric.
In fact, by including the spin together with the energy-momentum current, as dynam-
ical sources of equal right for the gravitational field, we end up in constructing a gauge
theory based on the Poincaré group. Hence, this time there are both the generators
of translations and of the Lorentz group, which are related to the canonical energy-
momentum tensor and spin, respectively.
This extension of the dynamical contents yields an extension of the spacetime geometry

to the Riemann-Cartan, with non-trivial curvature and torsion.

Both approaches make the inconsistencies disappear and the TG Dirac Lagrangian is

exactly equivalent to the GR Dirac Lagrangian®.

41t is done making use of the identity (4.3.19), J’cbu — chu = W%
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STEGR scenario

In STEGR, we can stick with the minimal coupling prescription without making changes.
In the coincident gauge, the derivatives d, can be understood as V,, even when gravity is
turned on. Spinors now couple only with the Levi-Civita part of the connection. This is due
to the fact that in STEGR the torsion vanishes, and to the Hermitianity of the Dirac action
[64].
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Discussion and Outlooks

The aim of this work was to investigate alternative approaches in order to geometrise the
gravitational interaction, leading to the Geometric Trinity of Gravity.

First of all, since this analysis requires a solid understanding of advanced differential geom-
etry tools, Chapter 1 retraces all the steps to stablish the fundamentals of our framework.
Consequently, in Chapter 2 we briefly presented the usual description of General Relativ-
ity, showing the principles on which it is founded, with a particular accent on the different
versions of the Equivalence Principle and their consequences. Then, we have introduced
the Metric-Affine Theories of Gravity in Chapter 3 and proposed a gauge-based formulation
of Gravity in Chapter 4, which goes under the name of Teleparallel Equivalent of General
Relatity (TEGR), formulated in terms of torsion 7" and relying on tetrads and a flat spin
connection: the former generalizes the choice of basis for the tangent bundle from a coordi-
nate basis, while the latter is a s0(3, 1)-valued 1-form representing the gauge field generated
by local Lorentz transformations.

TEGR is a true gauge theory by definition and, to be precise, it is for the group of
spacetime translations. We want to stress that the Teleparallel gauge structure lais on
spacetime itself and this is made possible by the capability to promote the translational
gloabal symmetry to local symmetry and the introduction of a gauge field associated to
the translational group. We defined the fundamental connection of Teleparallel Gravity,
namely the Weitzenbock connection, which is flat and non-symmetric. Thanks to this and
the Weitzenbock gauge, it is possible to formulate the Teleparallel gravitational coupling
prescription and state that it is the same as GR’s. Moreover, we comprehend one of the
theoretical strengths of this theory: unlike GR, TEGR allows to separate gravitational effects
from the inertial ones, and consequently to restore the Strong Equivalence Principle (SEP).

We derived the expression for the Ricci scalar within this framework using the Riemann
tensor. In this context, the Ricci scalar R and the torsion scalar 7' differ by a boundary
term B, which arises from the specific choice of connection (the Weitzenbock gauge). As a
consequence, the GR Lagrangian coincides with the TEGR Lagrangian, with a particular
choice of the torsion scalar, up to the term B.

We applied a similar procedure in Chapter 5 in the case of the Symmetric Teleparallel
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Gravity, which gives rise to the Symmetric Teleparallel Equivalent of General Relativity
(STEGR), based on non-metricity 52 and constructed from the metric together with a flat
and torsionless affine connection. Also in this case, we have derived the Ricci scalar in terms
of the non-metricity tensor 52 and a boundary term B and showed that the GR Lagrangian
and STEGR Lagrangian only differ by that boundary term, this time using the coincident
gauge.

We have emphasized that, unlike TEGR, the STEGR is not a guage theory by definition
but it can be interpreted as one by admitting a gauge-theoretic structure when the Strong
Equivalence Principle itself is viewed as a gauge symmetry.

GR, TEGR and STEGR turn out to be dynamically equivalent: their Lagrangians differ
only by boundary terms and they lead to the same form of field equations and solutions.
We want to stress that the equivalence holds because the boundary terms do not contribute to
the dynamics since the spacetime is assumed to be asymptotically flat at infinity, hence they
vanish. These three theories then constitute the so-called Geometric Trinity of Gravity, and

we can summarize their main differences and their equivalence with the following diagram:

Sar = 16C;G fd4xv -9 R

- A 4 ~ in flat spacetime 4 . o
Srecr = —15g ) d'ay/—g T i B-6-B Ssrear = 15 [ d'vy/—9 Q

In Chapter 6, we have finally presented the open issues and tensions of the Trinity of
Gravity. First of all, we have seen that these three theories are dinamically equivalent, while
being completely different in their foundations. In fact, we have seen that in GR, the SEP
is a fundamental assumption of the theory, hence postulated at priori, while in TEGR and
STEGR it is recovered at posteriori. Thus, it means that, since in the Geometric Trinity
of Gravity it does not seem to be always a fundamental statement, at some level of these
formulations it could be not valid anymore. After that, we have addressed a problem strictly

related to the SEP: the free fall of test particles in these theories. In all the metric theories,
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as GR, there is the universality of free fall, meaning that different test particles, with or
without internal structure, undergo the same free fall. Moreover, geodesics do coincide with
autoparallel curves.

Things get more delicate when dealing with non-metric theories. Here, geodesics do not
coincide with autoparallel curves due to the presence of additional terms of the generalised
connection. In these cases, the internal structure of test particles, described by the hyper-
momentum, makes different equations of motion depending on the type of particle we are
considering, unless it is either severely restricted or entirely absent. Hence, we can conclude
that the equivalence in the Trinity depends on the type of matter we are dealing with: point-
like particles without internal degrees of freedom (zero hypermomentum) show the same free
fall and the same dynamics in all the theories, but even just the presence of spin forces to
admit different free fall.

In conclusion, we have discussed the ambiguities arising in the coupling between mat-
ter and spacetime geometry within Metric-Affine theories. In generalized spacetimes, the
Minimal Coupling Prescription (MCP) does not necessarily reproduce the standard matter
coupling, particularly in the presence of torsion. For this reason, violations of the MCP can
be used as an indicator to determine whether a given non-metric theory, once coupled to
gravity, generates additional contributions to the equations of motion or modifies the field
dynamics.

Concerning bosonic fields, there exists an equivalence between tensorial representations of
the Lorentz group SO(3,1) and those of GL(4,R). This property simplifies the introduction
of the gravitational coupling, allowing the use of a covariant derivative that formally obeys
the MCP.

The situation is significantly different for fermionic fields. Since spinors transform under
the spin group SL(2,C), which does not admit a representation within GL(4,R), it is not
possible to define a corresponding affine connection acting on spinors. As a consequence,
fermion coupling requires the introduction of a spin connection associated with local Lorentz
invariance. To better illustrate these issues, we compared the TEGR and the STEGR.

In TEGR, the application of the MCP is more delicate for both bosons and fermions. For
bosonic fields, the MCP leads to operators that fail to satisfy the expected identities, poten-
tially rendering the geometric construction inconsistent. For this reason, we do not apply
the MCP, and we define bosonic gauge fields independently of the Teleparallel connection,
so that their field strengths retain their standard gauge-invariant form.

For Dirac spinors, additional complications arise because spinors transform under the local
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Lorentz group, which is not naturally compatible with the gauge formulation based on space-
time translations. A possible resolution consists in restricting the coupling to the Levi-Civita
part of the connection. In this case, the resulting Dirac Lagrangian becomes dynamically
equivalent to that of General Relativity, thereby restoring consistency.

In STEGR, the geometric setting considerably simplifies the coupling to matter fields.
In fact, the vanishing property of the torsion allows the straightforward introduction of a
covariant derivative, using the coincident gauge, that consistently implements the MCP,
without generating spurious geometric contributions in the field equations.

Fermionic fields also admit a more transparent treatment in STEGR compared to torsion-
based theories. Since torsion vanishes identically, the ambiguities typically associated with
the spin-torsion coupling are absent. The coupling of Dirac spinors can be consistently
defined by introducing a spin connection associated with local Lorentz invariance, which can
be chosen to be purely inertial. As a result, the fermionic sector does not acquire additional
non-metric contributions beyond those already present in General Relativity and the MCP
is preserved.

The findings of this thesis suggest several possible directions for future work.

First, it is natural to ask whether TEGR and STEGR are the only theories dynamically
equivalent to GR, or if alternative representations of Gravity equivalent to GR may exist.
Finding other dynamically equivalent theories would help in exploring different way to ge-
ometrise gravitational interaction, evaluate other possible relevant observables and determine
whether the SEP is a fundamental or an emergent principle. Thus, an important direction for
future research lies in developing experimental approaches that go beyond traditional tests
of the EP, particularly at the quantum level and in currently unexplored regimes, which may
allow one to discriminate among the equivalent theories.

This leads to another interesting point: the construction of observational apparatus capable
of discriminating between the different sets of observables associated with equivalent descrip-
tions of Gravity. From this perspective, experimental evidence could help clarify why these
theories are dynamically equivalent and identify the transformation laws that relate them.
Finally, further investigation of the STEGR approach is warranted, since it remains less
developed than TEGR. A general tetrad formulation is particularly important for under-

standing its physical implications, especially from a gauge-theoretic perspective.
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Appendix A

Computation of TEGR field equations

In this section, we will show the complete derivation of the TEGR field equations, presented
in Sec.(4.3.4).
Let us start by recalling the field equations we have to compute and the TEGR Lagrangian:

oL oL
TEGR a, TEGR _ 0. (A.0.1)
Oe?, 0(0,e%,)

where

Losan =~ (L (Fow,, + oF, o) — 7o (A.0.2)
TEGR — 167G | 4 apy apy afs -
with

T“W =0,e", — 0,e", + c:;“bueby — (:)“byebu (A.0.3)

and Tpu,, = eapT“W.
To find the field equations, we need to compute the derivative of the Lagrangian with respect
to the tetrad field. We start from

OLregr e 9, 1

_TQMVTa,uz/ +

= T T — 1T | A.0.4
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The first term is

8,
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using the antisymmetry of T

In the same way, we can compute the second term of (A.0.4).

0 1. = 0 1 PN
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The last term of (A.0.4) is:

= 207" ,e, (8°407 .07 5 — %4671,
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From these three terms, we can write eq.(A.0.4) and construct the superpotential:

(G 8L’TEGR . e 046

S’awj = - - TaVﬂ T’MVa - ZZAﬁyua - 2TOWO¢ au 2T0‘Na aV )
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(A.0.8)
that can be rewritten as
S = KM, — e,/ T" + e 'T" . (A.0.9)

Now, we have to deal with the other derivative of the TEGR field equations (A.0.1), i.e
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we can rewrite (A.0.10) as
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We have to compute the derivatives of (A.0.12). Its first and fourth term can be computed

in the same way using the definition of the torsion tensor:
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In order to compute the other derivatives of (A.0.12), we need three properties:
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which follow form the orthogonality of the tedrad and of the metric, respectively. Then, the
second term of (A.0.12) is
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where we have used the result of (A.0.17) in the last step.
The derivative in the fifth term of (A.0.12) is

e 0[]

des,  0Oe,
e .+ oTvHe
_ Do e, T
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Finally, the derivative of the last term of (A.0.12) is
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Using all these derivative terms, we can assemble the eq.(A.0.12) and the write the energy-

momentum pseudo tensor:
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Appendix B

Universality of geodesics in metric

theories

We will start exposing the discussion held by Ehlers, Pirani and Schild (EPS) in their article
“The geometry of free-fall and light propagation” [58|. In this work, the authors claimed that
if one wants to give a constructive set of axioms in order to describe the free-fall geometry,
then the chronometric approach, which makes use of particles and clocks as basic concepts
and the metric as the fundamental structure, does not seem particularly suitable. This

arguments is based on the following points:

- it is difficult to deduce the Riemann form of the spacetime interval (ds = /g, dz*dx?)
solely from the behaviour of clocks without using light signals, which means one can-
not easily justifiy why this form should be chosen over other possible forms, like the

Newtonian one;

- if the metric components g, are defined only through the chronometric hypotesis, they
lack physical motivation and appear as unexplained assumptions rather than results

derived from deeper principles, making them seem arbitrary;

- once the geodesic hypoteses, that freely falling particles and light rays follow goedesics,
are accepted, one can already construct clocks using these notions, so the chronometric

axiom becomes redundant.

For these reasons, EPS rejected clocks as basic tools for setting up the space geometry and
proposed to use light rays and freely falling particles instead.

In their article, EPS mainly discussed how it is possible to derive the Lorentzian geometry,
that underlies the spacetime of GR, from a compatible conformal and projective structures
on a 4-dimensional manifold. They did this by enunciating some group of axioms, underlying

spacetime geometry. The first group concerns its structure as a smooth manifold, and the



144 Appendix B. Universality of geodesics in metric theories

second the light propagation and conformal structure. The third group of axioms deals with
the projective structure P. We will summarize the content of these axioms in the following.

Before delving into physical aspects, we need some definitions.

Definition B.0.1 (Conformal geometry). A conformal geometry is given by an equiv-
alence class C of metrics g on a manifold M and a connection I' compatible with C. The

equivalence relation that defines C is

L g3 feMst ¢d=2¢ey, (B.0.1)

while the compatibility between C and I' reads as
Vgel, 31-form w=w,dz" s.t. V.0, = WG, (B.0.2)

Definition B.0.2 (Projective structure). Two torsion-free affine connections on a man-
ifold M are called projectively equivalent if their geodesics coincides up to a reparametriza-
tion. Hence, a projective structure on a manifold M is an equivalence class P of symmetric

connections I', whose equivalence relation is
[ £ <= 3 lform w s.t. I'(4, B) = T(A, B) + Aw(B) + Bw(A). (B.0.3)

A manifold with a projective structure is a projective space and a trasformation from a

connection I' to another connection I is called projective transformation.

Roughly speaking, conformal geometry preserves angles, while projective geometry pre-
serves straightness of paths (geodesics).

The motion of freely falling particles determine the geodesics of spacetime, hence they
determine the projective structure P.
Instead, the propagation of light determines at each point of the spacetime the infinitesimal
null cones. A manifold in which the null cone has been singled out in the tangent space
of each point, has a conformal structure C of Lorentzian signature!. C captures the causal
structure of spacetime, but not distances or times (since those depend on the metric’s overall
scale, which C ignores by definition). This allows us to differentiate between time-like, space-
like or null vectors. Moreover, the ratio of the lenghts of two non-null vectors at the same
point is well-defined, as weel as the angles between two directions.

We can then define the null projective geodesic as a geodesic of P with null tangent vector.

'We can assume it is Lorentzian without loss of generality.
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Having these ingredients and recalling that the conformal and projective structures of a
pseudo-Riemannian spacetime determine the metric up to a constant [65], EPS showed that

there is a sort of natural compatibility requirement, which states that

“A conformal and a projective structures are said to be compatible if the null geodesics of

)

the conformal structure? form a subset of the autoparallel paths of the projective structure.’

This condition is of a fundamental importance since it is necessary for the existence of a
Lorentzian metric underlying both structure. EPS called a manifold with such a compatible
pair (C,P) a Weyl space.

In a Weyl space, the conformal structure naturally provides a unique symmetric connection
from the class of the affine connections which characterizes the compatible projective struc-
ture. This Weyl connection determines the parallel transport of vectors along a curve, which
leaves unchanged the time-like, space-like or null character of a vector, and which leaves
constant the ratio of the lenghts of two non-null vectors, as well as the angle between them.
Geodesics, null or non-null, are completely characterized by the property that their tangen-
tial directions are parallely transported along them. Furthermore, an affine parameter can
be determined along any geodesic. It is also possible to define the arc length s along any
non-null curve by parallely transporting any non-null vector V' along the curve ans defining
the element of arc ds at different points as equal if they have the same ratio to the magnitude
|[V| of V| i.e. ds/|V| = constant.

Definition B.0.3 (Weyl spacetime). A Weyl spacetime is a physical spacetime which has
a Weyl structure and where the proper time measured by a clock is the Weyl arc length

along its world line.

In Weyl spacetimes, if two clocks, synchronized and identical at an event A, are separated
and moved along different world lines ¢ anf ¢ to the same event B, then not only will the
elapsed time be different, s # 5 (first clock effect), but in general the two clocks will also
tick at different rate at B, ds # ds (second clock effect, see Fig.B.1).

Finally, we arrive to the final piece of our journey: EPS provided a sketch of proof about
the fact that a Weyl space reduces to a Riemann space. Technically, the affine connection
of a Weyl space is a 1-form with values in the Lie algebra of the Lorentz group, namely
w € Q'(P,s0(1,3)). Its curvature is then a 2-form with values in the same Lie algebra.
Consider now the holonomy group (see Def.(1.8.3)): as previously stated, it is always a sub-

group of the structure group in which the Weyl connection takes values, namely SO(1,3)7.

20nly null geodesics are invariant under conformal transformations.
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in general:

Vg, Vg not parallel,

|Vl V3,

s+ 5 (first clock effect),

dsg #+ dsg (second clock effect)

dSA A dS_A(dSA=dS_A)

F1GURE B.1: In a Weyl space, in general, the parallel transport of a non-null vector from
a point A to a point B along two paths ¢ and £ is such that Vg and Vz are not parallel
and |Vg| # |Vg|. Moreover, if we construct arc lenghts s and 5 along ¢ and # as said
previously, we have that s # s (first clock effect) and dsp # dsp (second clock effect).

From the holonomy theorems, we know that if the holonomy group is smaller than the full
GL(4,R), then the connection preserves some additional geometric structure. This allows
one to construct a reduction of the frame bundle to a subgroup of the Lorentz group, which
is known to be equivalent to the existence of a Lorentzian metric.
Hence, under parallel transport the magnitude of a vector is now always path independent,
i.e. |Vg| = |Vg|, meaning that there is no second clock effect anymore. This is called integra-
bility condition and can also be expressed by requiring that the Ricci tensor is symmetric.
Thus, if GR provides the correct description of nature, then the projective structure of
spacetime, explored by experiments with freely falling particles, and the conformal structure,
explored by experiments with light propagation, automatically satisfty the compatibility re-
quirement and the integrability condition. Hence, the Riemannian spacetime structure
can be fully explored by observing the world lines of particles in free fall and
propagation of light.

It is possible to summarize the steps done in this section with the following diagram:
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Manifold M

L. Conformal structure C
Projective structure P .
Infinitesimal null cones

Geodesics: world lines of freely falling particles . . .
Null geodesics: world lines of light pulse

Compatibility condition: C-null geodesics C P-geodesics

Weyl structure (C,P)
Unique symmetric connection
Notion of length along curves

In general s # 3 (first clock effect)
and ds # d§ (second clock effect)

Integrability condition: |Vp| = |V3|,ds # d3 (no second clock effect)

Riemannian structure
Unique metric tensor

Congruence of vectors at arbitrary events
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